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PRIME I D E A L S  IN C R O S S E D  P R O D U C T S  
OF FINITE G R O U P S  

BY 

MARTIN LORENZ AND D. S. PASSMAN 

ABSTRACT 

Let R * G be a crossed product of the finite group G over the ring R. In this 
paper we discuss the relationship between the prime ideals of R * G and the 
G-prime ideals of R. In particular, we show that Incomparability and Going 
Down hold in this situation. In the course of the proof, we actually completely 
describe all the prime ideals P of R * G such that P O R is a fixed G-prime 
ideal of R. As an application, we prove that if G is a finite group of 
automorphisms of R, then the prime (primitive) ranks of R and of the fixed ring 
R a are equal provided [G 1-1~- R. In an appendix, we extend some of these 
results to crossed products of the infinite cyclic group. 

w Introduction 

L e t  G be  a m u l t i p l i c a t i v e  g r o u p  a n d  let  R be  a r ing wi th  1. T h e n  a c ro s sed  

p r o d u c t  R * G of G o v e r  R is an  a s soc i a t i ve  r ing c o n t a i n i n g  fo r  e a c h  x ~ G an 

e l e m e n t  ~ ~ R * G. T h e  set  {~ Ix  E G}  is a basis  of  R * G as a left  R - m o d u l e  

a n d  h e n c e  e v e r y  e l e m e n t  a E R * G can b e  u n i q u e l y  wr i t t en  as a f in i te  s u m  

x E G  

with  rx E R.  T h e  a d d i t i o n  in R * G is t h e  o b v i o u s  o n e  and  t h e  m u l t i p l i c a t i o n  is 

g i v e n  by the  f o r m u l a s  

~y = t (x, y ) xy ,  

r ~ =  ~r ~ 

fo r  a l l x ,  y ~ G  and  r E R .  H e r e  t : G x G ~ U  i s a  m a p  f r o m  G •  to  t h e  
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group of units U of R and, for fixed x E G ,  the map ~:r---~r ~ is an 

automorphism of R. 

It is an easy exercise to determine the relations on t and the automorphisms ~ 

which make R * G associative. The ring R * G has an identity element namely 

1 = t(1, 1)-11 and hence without loss of generality we will assume throughout that 

i = 1. Moreover  each ~ is invertible, and in fact 

~={u~lu  ~ U,x~G} 

is a multiplicative group of units in R * G which acts on R by conjugation when 

we view R as a subring of R * G via the embedding r---~ r l .  Thus U is a normal 

subgroup of ~ with (~/U = G. Observe that conjugation by U stabilizes the 

ideals of R and thus there is a well defined action of G ~- 6) /U on the set of 

these ideals. We say that the G-invariant  ideal A of R is G-pr ime  if and only if 

BI" B z C A  for G-invariant  ideals Bi of R implies that B I C A  or B 2 C A .  

In this paper  we investigate the relationship between prime ideals of R * G 

and G-pr ime  ideals of R. For the most part, we will assume that G is finite. 

Indeed only in Section 5, an appendix to this paper, will G be allowed to be 

infinite. A simple relationship between the above two classes of ideals is as 

follows. 

LEMMA 1.1. I f  P is a prime ideal of R * G, then P O R is a G-prime ideal of R. 

Conversely, i]: A is a G-prime ideal of R, then there exists at least one prime ideal P 

of R * G such that P O R = A.  

PROOF. Observe that if I is an ideal of R * G, then since I is G-invariant  so is 

I A R .  Conversely, if A is a G-invariant  ideal of R, then we have easily 

A . ( R * G ) = ( R * G ) - A  s o A * G = A . ( R * G ) i s a t w o s i d e d i d e a l o f R * G  

with ( A * G ) A R = A .  

If P is a prime ideal of R * G, then P n R is at least G-invariant .  Suppose A 

and B are G-invariant  ideals of R with A B  C P  n R. Then 

(A  * G ) ( B  * G)  = (R * G ) A B ( R  * G ) C ( R  �9 G ) ( P  n R ) (R �9 G ) c P  

so the primeness of P yields A * G C P  or B * G CP. Hence A C P  O R or 

B C P O R  a n d P O R  is G-pr ime.  

Conversely let A be a G-pr ime  ideal of R and observe that A * G is an ideal 

of R * G with (A * G )  n R = A. Hence by Zorn ' s  lemma we can choose P an 

ideal of R * G maximal with respect to P n R = A. If I, J are ideals of R * G 

properly larger than P, then I n R and J n R are G-invariant  ideals of R 
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properly larger than A. Since A is G-prime this yields (I O R ) ( J  O R ) g A  and 

hence IJI-P. Thus P is prime. 

The main questions we are interested in are the following: 

Incomparability. If PI~P2 are prime ideals of R * G, does it follow that 

P10 R ~ P 2 O  R? 

Going Down. Given G-primes A~ C A2 of R and a prime P2 of R * G with 

P2N R = A2. Does there exist a prime P~ of R * G satisfying P1CP2 and 

P1 n R = A t ?  

We remark that the answer to both of these questions is well-known to be 

positive in case R is (right or left) noetherian. The main task of this paper is to 

show that this is still true for any ring R. In a later paper, we will settle the Going 

Up problem. It is easy to see that for Incomparability the primeness of the larger 

ideal P2 is unnecessary. Indeed we shall prove in Section 3 that 

THEOREM 1.2. Let P C I be ideals of R * G with G finite. I f  P is prime and 

P ~  I, then P n R ~  I n R .  

Of course in dealing with this we may factor out the ideal (P n R ) .  G of 

R �9 G and thus reduce to the case P O R = 0 which makes R a G-prime ring. In 

the same way, the Going Down problem can also be reduced to the case of a 

G-prime coefficient ring R, since AI is G-pr ime and (R * G ) / ( A I * G ) ~ -  

(R/A~)* G. For such rings we have the following result, which is also proved in 

Section 3. 

THEOREM 1.3. Let R * G be given with G finite and with R a G-prime ring. 

(i) A prime ideal P of R * G is minimal if and only if P n R = O. 

(ii) There are finitely many such minimal primes, say PI, P2,'" ", P,, and in fact 

n-IGI. 
(iii) J = P1 n P2 n �9 �9 �9 n P, is the unique largest nilpotent ideal of R * G and 

jl~f = O. 

Observe that if P is any prime ideal of R * G, as above, then P surely contains 

the nilpotent ideal P iN  P2A - . .  o P, and hence P 3 P, for some i. Thus P 

contains a prime ideal P~ with P, O R = 0 and this is precisely the solution to the 

Going Down problem. 
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In proving these results we require two different types of reductions. Section 2 

deals with the case when R is prime. Here  we set up a one-to-one correspon- 

dence between the prime ideals of R * G satisfying P n R = 0 and the G-prime 

ideals of a certain finite dimensional algebra E. E is in fact isomorphic to a 

twisted group algebra C'[Gi,o] where the field C is the extended centroid of R 

and Ginn is a particular normal subgroup of G. In Section 3 we reduce the 

G-prime case to the case of R being prime by passing from R * G to R * H 

where H is the subgroup of G stabilizing a minimal prime Q of R. 

Section 4 is devoted to some applications of this material to rings with finite 

group actions. If G is a finite group acting as automorphisms on a ring R, then 

one can form the skew group ring RG. This is just the special case of a crossed 

product R * G where t(x, y) = 1 for all x, y E G and where the automorphisms ~ 

are given by the action of G on R. We use R G  to study the relationship between 

R and the subring R ~ consisting of the elements of R that are fixed under G. 

The above results on crossed products then apply to yield 

THEOREM 1.4. Assume I G 1-1 ~ R. Then the prime rank of R is equal to the 

prime rank of R ~ and the primitive rank of R is equal to the primitive rank of R ~. 

Recall that for any ring R, the prime rank is the largest integer n such that R 

c c . . .  ~p. .  If no such maximum exists, then, of has a chain of prime ideals P o ~ P ~  

course, R has infinite prime rank. The primitive rank is defined analogously 

using primitive ideals instead of primes. Theorem 1.4 generalizes a result of the 

first named author [6, theorem 2.7] and a result of Fisher and Osterburg [3, 

proposition 3.4]. 

In an appendix to this paper (Section 5) we extend some of these results to 

infinite groups. In particular we show that an analog of Theorem 1.2 holds for 

groups which have an infinite cyclic subgroup of finite index. 

We close this section with a lemma which extends [9, lemma 4]. If T is a subset 

of G, we let R * T denote the set of elements of R * G with support in T. 

LEMMA 1.5. Let I be a nonzero left and right R-submodule of R * G and let 

T = {x~, x2," �9 x,} be a subset of G with x~ = 1. We suppose that I n R * T ~  0 

and I n R * T '=  0 for all T '~T.  For each i = 1 , 2 , . . . ,  n let Bi be defined by 

B, = {r E R I there exists fl = ~ ri$ ~ E I with r = r~}. 
I 

Then 

(i) Each B, is a nonzero ideal of R. 
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(ii) I [  A = B 1, then [or each i there exists a natural bijection [~ : A ~ B, which is 

additive and satisfies (rat)/~ = r(a/~)t ~,-' for all r, t ~ R and a E A .  Here [1 is the 

identity map. 

(iii) The elements ojf I N R * T are precisely the elements o f  the [orm 

a =  ~ (a~)2, 
1 

with a @ A.  

PROOF. Since I is a left and right R - s u b m o d u l e  of R * G, it is clear  that  each 

B, is a two sided ideal of R. Fu r the rmore ,  the minimal i ty  of T implies that  each 

B~ is nonzero .  Obse rve  also that  for each b~ E Bi, the minimal i ty  of T implies 

that there  exists a un ique /3  = E~' r2j ~ I with r, = bl. Indeed  if/3 a n d / 3 '  are two 

such e lements ,  then / 3 - / 3 ' E  I is an e lement  of smaller  suppor t  and hence  

/3-/3'=0. 
Let A = B~. Then  for each a Ei A there  exists a unique a = E~'b~2~ E I with 

b~ = a. We  can then define [~ : A -~ B~ by setting a/~ = b~ and we see immedia te ly  

that 

1 

Conversely  it is clear  that every e lement  of I M R * T is of this form.  Fur ther-  

more ,  each )~ is clearly an addit ive bijection.  Finally let a ~ A and a be  as above  

and let r , t  E R. Then  

rat = rbit , x~ E I 
I 

and since .~1 = 1, this implies that  

rbd ' = r(afl)t  , . (rat)~ = i-, i 

The  l e m m a  is proved.  

w Prime coefficient rings 

In this section G will always deno te  a finite g roup  and R will be  a pr ime ring 

(with 1). 

We  begin by briefly discussing a certain ring of quot ients  S = Oo(R)  which is 

defined in [7] essentially as follows. Cons ider  the set of all left R - m o d u l e  

h o m o m o r p h i s m s  f : RA ~ RR where  A ranges  over  all nonzero  two sided ideals 
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of R. Two such functions are said to be equivalent if they agree on their common 

domain, which is a nonzero ideal since R is prime. It is easy to check that this 

defines an equivalence relation (see [7] or [8]). We let t denote the equivalence 

class of f and we let S = Qo(R) be the set of all such equivalence classes. 

The arithmetic in S is defined in the following manner. Suppose f : RA --~ RR 

and g : RB --~ RR. Then t + g is the class of f + g : R (A A B)--~ RR and )~ is the 

class of the composite function [ g : R ( B A ) - - ~ R R .  It is easy to see that these 

definitions make sense and that they respect the equivalence relation. Further- 

more the ring axioms are surely satisfied so S is in fact a ring with 1. Finally let 

a p : R R - ~  RR denote right multiplication by a ~ R. Then the map a - ~  ~p is 

easily seen to be a ring homomorphism from R into S. Moreover,  if a j 0, then 

Rap ~ 0 and hence dp ~ 0. We conclude therefore that R is embedded isomorphi- 

cally in S and hence we will view R as a subring of S with the same 1. 

The first two parts of the following lemma are contained in [7] as well as in [8]. 

Part (iii) is due to Kharchenko in [5]. We include them for the sake of 

completeness. 

LEMMA 2.1. Let S = Oo(R) be as above. 

(i) I f  s E S and A s  = 0 for some nonzero ideal A of  R, then s = O. 

(ii) I f  s~,s2, . . . ,sn ~ S, then there exists a nonzero ideal A of R with 

Asl ,  A s 2 , . . . , A s n  CR.  

(iii) Let tr be an automorphism of  R and let A and B be nonzero ideals of R. 

Suppose that f : A ~ B is an additive bijection which satisfies 

(rat)f  = r(af) t  ~ 

for all r, t E R and a ~ A.  Then s = f is a unit in S, conjugation by s induces the 

automorphism tr on R and af  = as for all a E A.  

PROOF. Suppose g : RB ~ RR and b ~ B. Then bpg is defined on RR and for 

all r E R we have 

r(bog ) = (rb )g = r(bg ) = r(bg ),. 

Hence/;p~ = (b'~)p and the map g translates in S to right multiplication by ~. 

(i) Let s @ S with A s  = 0. If s = ~, then the above shows that g vanishes on an 

ideal in its domain and hence s = ~ = 0. 

(ii) Let s,, sz , . . . ,  s. @ S with s~ = ~,. Then we can surely assume that all g, are 

defined on the common domain A, since R is prime. From this we have 

As~ = Ag~ C R for all i. 
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(iii) Since f is a bijection, there exists a back map g : B ~ A which is also an 

additive bijection. Fur thermore  (rbt)g = r(bg)F'- '  for all r,t E R and b E B. 

Observe that f and g are left R-modu le  homomorphisms so s = f and ~ are 

elements of S. Moreover,  since fg is the identity map on A and gf  is the identity 

on B, we conclude that ~ = s -1. 

Let r E R. Then grpf is defined on B and for all b E B we have 

b(grpf) = (bg ) r .  f = (br~)gf  = br ~ = br'~. 

Hence gr, f = r~ and this translates in S to yield s- i ts  = r ~" for all r E R. Finally 

since s = f we have af  = as for all a ~ A. 

It can be shown that any automorphism of R extends uniquely to an 

automorphism of S. In particular the automorphisms ~ of R given by the crossed 

product R * G can be so extended and we denote the resulting automorphisms 

of S by the same symbol. This observation allows us to extend R * G to a 

crossed product S * G. Details can be found in [8, lemmas 2.1 and 2.3]. For the 

remainder  of this section the following notation will be fixed. 

NOTATION. R * G will be viewed as a subring of S * G. The center of S will 

be denoted by C and E will denote  the centralizer of S in S * G. C is usually 

called the extended centroid of R. 

An automorphism tr of R is said to be X-inner  if and only if it is induced by 

conjugation by a unit of S = Oo(R) .  In other words, these automorphisms arise 

from those units s E S with s - ' R s  = R. It is easily seen that the set of all X- inner  

automorphisms of R is in fact a normal subgroup of the group of all automorph-  

isms of R (see [5]). Recall that ( 8 = { u ~ I u E U ,  x E G }  acts on R and t h e  

elements of U surely act as X- inner  automorphisms. Thus since 65/U = G we 

see that 

G~,n = {x E G I ~ is an X-inner  automorphism of R } 

is a normal subgroup of G. The group 6~ also acts on S and on S * G and hence 

acts on E. But U clearly acts trivially on E, since E centralizes R, and so in fact 

G acts on E. The next lemma contains the necessary information about C and E. 

LEMMA 2.2. Let  C and E be as above. Then 

(i) C is a field. 

(ii) E is a finite dimensional  C-algebra. In fact  E = C'[G~,.], some twisted 

group algebra of  Gi,n over C. 
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(iii) S * Gin. = S @cE.  

(iv) I l L  is a G-invariant ideal orE, then L(S * G) = (S * G)L is an ideal of 

S * G. Moreover, (S * G)L considered as a left S-submodule of S * G is a direct 

summand of S *G. Furthermore, (S *G)L  n ( S * G i n . )  = SL and if L ~  E then 

( S * G ) L  A S  = 0 .  

PROOF. Assertions (i), (ii), (iii) are proved in [8, lemmas 2.1 and 2.3]. For part 

(iv) let L be a G-invariant  ideal of E. Then by definition of E we have LS = SL 

and the G-invariance gives L~ = ~L for all x E G. Thus we see that L(S * G) = 

(S * G ) L  is an ideal of S * G. 

Let Y be a transversal for Gi.n in G and let L '  be a C-complement  for L in E. 

The latter surely exists since C is a field. Then by (iii) we have S * Gin, = 

SL ~)SL'  and hence clearly 

S , G =  ~ SL] ~ ~ SL']. 
y E Y  y ~ Y  

Moreover  since L is G-invariant  

(s �9 G)L = Y. (S �9 G,..)Ly = SLy 
y~Y yEY 

and we conclude that (S * G)L is an S-direct summand of S * G. Furthermore,  

Ey~ySLy is surely a direct sum and hence we have (S * G)L n (S �9 G~,,) = SL. 

Finally, if L ~ E, then we can choose L' above to contain the identity element 1. 

This then implies that E:~,SL 'y contains S and hence (S * G)L n S = O. 

As we have already remarked in the introduction, we handle the case of prime 

coefficient rings by setting up a one-to-one correspondence between the prime 

ideals of R * G satisfying P n R = 0 and the G-pr ime  ideals of E. The following 

definition describes this association more generally. 

DEFINITION. (i) If L is a G-invariant  ideal of E, then we set 

L ~ = L ( S * G ) N R * G  

so that L"  is an ideal of R * G, by Lemma 2.2 (iv). 

(ii) For any ideal I of R * G we set 

I ~ = {y E E I A y  C I for some nonzero ideal A of R }. 

I d is easily seen to be a G-invariant  ideal of E. Indeed suppose 3:,, y2• I d 
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with A l ' y 1 ,  A2T2CI and let 8 E E. By Lemma  2.1 (ii) there exists a nonzero ideal 

B of R with B8 C R  * G. Hence  since 3'1, 72 and 8 commute  with R we have 

(A1 fq A2)(71 + 72) C/,  

A I B ( 7 , 8 )  = (A,7 , ) (BS)  C I  

and 

BAI(~y1) = (BS) (A 170 C L 

Thus 3'1 + 3'2, y18, 871E I u so I d is an ideal of E which is clearly G-invariant .  

We point out that the definition of the ideal I ~ is already implicit in work of 

Fisher and Montgomery [2]. Clearly the maps u and d are monotone.  We next 

observe two elementary facts concerning the ideals L ". For this we need the 

following 

DEFINITION. Let I be an ideal of R * G. We say that I is R-cancelable  if and 

only if for any a E R * G and any nonzero G-invariant  ideal A of R, A a  C I 

implies that a E I. 

It is clear that any prime ideal of R * G satisfying P fq R = 0 is R-cancelable.  

Part (i) of the following lemma offers other examples of R-cancelable  ideals that 

will become important  later on. 

LEMMA 2.3. Let L, L~ and L2 be G-invariant ideals of E. Then 

(i) L u is R - c a n c e l a b l e .  

(ii) LT. L~C(L~L2) u. 

PROOF. (i) Suppose A a  C L ~, where a ~ R * G and A is a nonzero G -  

invariant ideal of R. Then, by definition of L ", it follows that A a  C(S * G)L.  

Now by Lemma  2.2 (iv) we know that ( S * G ) L  is a left S-module  direct 

summand of S * G so S * G = (S * G ) L  �9 K for some S-submodule K of S * G. 

Writing a = al  + a2 with al E (S * G)L,  a2 E K we see that 

A ( a -  a , )=  A o t 2 ~ ( S  * G ) L  N K = O .  

Hence Lemma  2.1 (i) implies that a = a~ and so a E (S * G ) L  fq R * G = L". 

Thus L u is in fact R-cancelable.  

(ii) By Lemma  2.2 (iv) we have ( S * G ) L , = L , ( S * G )  and thus 
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LT.L"CL~(S*G)Lz(S*G)=LIL2(S*G).2 Moreover  L T . L ~ C R * G  so 

L~. L~CLIL2(S  * G)  O R * G = (LIL2)". 

The next lemma is the crux of our argument.  

LEMMA 2.4. With the above notation we have 

(i) For any G-invariant ideal L of E we have L = L"a. 

(ii) I[ I is an ideal o[ R * G, then I C I ~". 

PROOF. (i) If Y E L, then by Lemma  2.1 (ii) there exists a nonzero ideal B of 

R with B T C R * G . T h e n  B T C L ( S * G ) A R * G = L "  and so T E L  "a.Thus 

L C L"a. Conversely, if T E L"a, then A T C L"  for some nonzero ideal A of R. 

Thus 

AT C(S * G ) L  n (S * Gi..) = SL, 

by L e m m a  2.2 (iv). Let L '  be a C-complement  for L in E and write y = 3/, + 3'2 

with ya E L and y2 ~ L ' .  Then A (y - yl) = AT2 ~ SL n SL '  = 0 and Lemma  2.1 

(i) implies that y = ya E L. 

(ii) Let a E I .  We show that a E I  a" by induction on [Suppa[ ,  the case 

[Supp a I=  0 being trivial. Thus suppose a is nonzero and that the result is 

known for all elements y E I of smaller support size. Choose T C S u p p a  

minimal with respect to the property that I O R  * T J 0 .  If y E T, then 

Suppa)7 -1= ( S u p p a ) y - ~ D  Ty -~, Ty -1 also has this minimal property and 1 

Ty- ' .  Since it clearly suffices to show that a y  -I E id., we can replace a by a)~-' 

and T by Ty-I  and hence we can assume that 1 E T. 

If T = {xl -- 1, x 2 , "  ", x,}, then Lemma 1.5 applies and we use its notation. In 

particular there exist nonzero ideals A = B ~ , B 2 , . . . , B ,  of R and additive 

bijections ~ : A --> Bi satisfying 

(rat)~ = r(af,)t ~,-' 

for all a E A and r , t ~ R .  Thus by Lemma 2.1 (iii) there exist units 

sl, s2, �9 �9 ", s, ~ S such that conjugation by s~ induces the automorphism ~71 on R 

and aft = as~ for all a E A. Moreover  since ft is the identity function we have 

S l : f l  = 1. 

Let /3  = E s~L ~ S * G. Since conjugation by s, induces the automorphism ~?~ 

on R we see that s ~  centralizes R. But s,~ then yields an automorphism of S 

acting trivially on R and, by the uniqueness of extension of automorphisms from 

R to S, we conclude that s,~, must centralize S. Thus s,~, E E, the centralizer of S 
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in S * G, and /3 E E. Furthermore,  since a/~ = as, for a E A, it follows from 

Lemma  1.5 (iii) that for all a E A 

a/3 = v,_, asis = Z afis ~ L 

Hence,  by definition, we have /3 E I n. 

Let r = t r a  be the identity coefficient of a and let a E A. Define 

3' = aa - a/3r. 

Since Supp/3 = T CSupp a, 1 E T and sl = 1, we see that ISupp v I <  ISupp a 1. 

Moreover,  3, ~ I since a/3 ~ / ,  so by induction we have 3' ~ I n"- Now/3 E I n and 

a/3r E R * G so a/3r E I n" and hence we conclude that aa E I n" for all a E A. 

Thus if D = n x ~ A  ~, then D is a nonzero G-invariant  ideal of R with 

D a  C I n". Since I n" is R-cancelable,  by L e m m a  2.3 (i), we deduce f rom this that 

a E I n". The result follows by induction. 

We now come to the main theorem of this section. We will prove it 

simultaneously with Lemma 2.6 which is of course a special case of Theorem 1.2. 

THEOREM 2.5. Let R * G be a crossed product of  the finite group G over the 

prime ring R and let E = C'[Gi,,] be the centralizer o r s  = Qo(R ) in S * G. Then 

the maps d and " yield a one-to-one correspondence between the prime ideals P of 

R * G with P O R = 0 and the G-prime ideals of  E. More precisely : 

(i) I f  P is a prime ideal of  R * G with P n R = 0, then pn is a G-prime ideal of 

E and P = pn,. 

(ii) I f  L is a G-prime ideal of  E, then L"  is a prime ideal of  R * G with 

L " O R = 0  and L = L "n. 

LEMMA 2.6. Let R * G be given with R prime. I f  P is a prime ideal of R * G 

with P n R = 0 and if l is an ideal of  R * G properly containing P, then I O R J O. 

PROOF. (i) Let P be a prime ideal of R * G with P O R = 0. We first show 

that P = pd,. By Lemma 2.4 (ii) we have at least P C pd,. Now let a E pn,. Then 

a E R * G  and a E ( S * G ) P  n so a=E~ ' /3~ ,  with / 3 , ~ S * G  and ~ i E P d .  By 

definition of pd there exist nonzero ideals D~ of R with D~8~ = ~D~ CP. Thus 

setting D = n x ~ 6 n ~ = l D ~ ,  we see that D is a nonzero G-invariant  ideal of the 

prime ring R with BiD C P for all i. Furthermore,  by Lemma  2.1 (ii) there exists a 

nonzero ideal B of R such that B/3~ C R * G for all i and by the above argument  

we can also assume that B is G-invariant .  Thus 
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(B * G ) a ( D *  G)  = (R * G ) B a D ( R  * G)  

C ~', (R * G)Bfl, .  6,D (R * G) 
i 

CP. 

Now P is prime and P does not contain either B * G or D * G since P n R = 0. 

Hence  we deduce that a E P. Since a was arbitrary we obtain the reverse 

inclusion P D pd, and have shown that P = pa,.  

Now suppose that M1 and M2 are G-invariant  ideals of E with M~M2CP d. 

Then by Lemma  2.3 (ii), M~M~ C (M~M2)" C pd, = p. Since P is prime this yields 

M; 'C  P for some i and Lemma  2.4 (i) implies that M~ = M~'dC Pn. Thus pd is 

G-pr ime.  

(ii) Let L be a G-pr ime  ideal of E. Then since E is a finite dimensional 

algebra over  the field C we see that L is in fact G-maximal .  Moreover  it follows 

immediately from Lemma 2.2 (iv) that L"  n R = 0 and by Lemma 2.4 (i) we have 

L = L "a. 

Now suppose I is any ideal of R * G properly containing L u. Then I a D L ud = 

L. But I a ~ L since otherwise we would have, by Lemma 2.4 (ii), I C I a" = L". 

Thus the G-maximali ty  of L implies that I a = E and hence I N R J 0. 

We conclude from this that L"  is prime. Indeed if L, I2~L", then 11 n R ~ 0 

and I 2 A R ~ O  so O ~ ( I ~ A R ) ( I z O R ) C I ,  I 2 A R .  Since L"  O R  = 0 ,  this yields 

IlI2~_L ~ and Theorem 2.5 is proved. 

Finally we prove Lemma 2.6. By (i) above any prime P with P n R = 0 is of 

the form L"  for the G-pr ime  ideal L = pd. Hence as we have just shown, if 

I ~ P = L "  then I n R g 0 .  

As a corollary we now offer the special case of Theorem 1.3 with R prime. 

LEMMA 2.7. Let R * G be given with G finite and with R prime. 

(i) A prime ideal P of R * G is minimal if and only if P n R = O. 

(ii) There are finitely many such minimal primes, say P1, P2, " " ", P, and in fact 

n_-<IG,~176 
(iii) J = P~ O Pz n .. �9 o P, is the unique largest nilpotent ideal of R * G. In fact 

J = ( radE)" ,  where r a d E  is the Jacobson radical of E, and jl~,~ = 0. 

PROOF. Let L1, L2, '"  ", L, be all the G-pr ime  ideals of E. Then clearly 

n <= dimcC'[G,~ = I Gm.J <-IGI 
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and also L113 L213 "" " rl L,  = rad E, the Jacobson radical of E. If P~ = L~', then 

by Theorem 2.5 we know that P1, P2, '" ", P, are the unique prime ideals of R * G 

which are disjoint from R\{O}. 

Set J = P1A P2 A ..  �9 13 P.. Then J CL; '  so jd  C L ~  = L,, by Theorem 2.5, and 

hence 

ja  CLINL213  " '" 13L. = radE.  

Lemma 2.4 (ii) now yields J C J~" C (rad E)"  and we conclude immediately from 

Lemma 2.3 (ii) and the nilpotence of rad E that (rad E)"  and J are nilpotent. On 

the other hand, each P~ certainly contains all nilpotent ideals of R * G, so 

J = P1 13 P2 N . - .  tq P, contains (rad E)"  and J = (rad E )  ~ is clearly the largest 

nilpotent ideal of R * G. Furthermore,  since (rad E )  fqooj = 0, we have jIq,,J = 0. 

Finally, if P is any prime ideal of R * G then, since J is nilpotent, P D J = 

P1 tq/'2 tq . . .  tq P, and hence P ~ P, for some i. Thus the minimal primes of 

R * G are the minimal members of the set {P~, P2, '" ", P,}. But observe that 

P~ D Pj implies that L = P ~ 3  P~ = Lj and hence, since Lj is G-maximal, we 

must have i = j. This shows that P~, P2, '" ", P, are precisely the minimal primes 

of R * G and the result follows. 

We close this section with a technical lemma which will be needed to prove 

Theorem 1.3. 

L~MMA 2.8. Let J =  P l n P 2 n  - . .  n P, be as in the preceding lemma. Then 

(i) There exists a sequence J = J~, J2 , "  " of R-cancelable ideals in R * G such 

that JJj CJ~+~ and Jk = 0 for some k ~lGi , , [ .  

(ii) Let al,  a 2 , "  ", am be elements of J and let A be a nonzero ideal of R. Then 

there exists a nonzero G-invariant ideal B of R such that Bcti C JA  for all i. 

PROOF. Set L = r a d E  so we know that L is nilpotent and, by Lemma 2.7 

(iii), that J = L u. 

(i) Set Ji = (L')". Then the ideals J~ are R-cancelable, by Lemma 2.3 (i), and 

JJ~ = L " ( L ' )  u C(LL ' ) "  = (L'+I)" = J~§ by Lemma 2.3 (ii). Moreover,  since L k = 

0 for some k --< IGi~ it follows that Jk = 0. 

(ii) Let y =/3sg ~ S *  G with /3 ~ L, s E S and g E G. We show first that 

there exists a nonzero G-invariant ideal D of R such that D y  C JA. By Lemma 

2.1 (ii) we can choose nonzero ideals D1 and D2 of R with Dt/3 C(R * G ) t 3  

(S * G ) L  = L"  and D2s C R and by taking the intersections of the G-conjugates 

of these ideals we may even assume that D1 and D2 are G-invariant. By the same 
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device we can find a nonzero G-invariant  ideal D3 of R with D3CA.  Now let 

D = D1D3D2. Then since/3 commutes  with R and D3 is G-invariant  we have 

D 7 = (D1/3)D3(D2s)~ CL"D3Rg = L U~D3 CJA. 

Finally, if al ,  c~2,." ", a ,  are elements of J = L", then each a~ is contained in 

L(S  * G) and hence can be written as a finite sum a~ = Ejy~j where y~j = ~js~jg~j 

and/3~ E L, s~j E S, g~ ~ G. As above, we can find nonzero G-invariant  ideals D~j 

of R with D~jy~j CJA. Thus the finite intersection B = O~.jD~j is an ideal which 

satisfies the requirements of the lemma. 

w G-prime coefficient rings 

This section contains the proofs of Theorems 1.2 and 1.3. Throughout ,  G will 

denote a finite group and R * G will be a crossed product of G over  R. Then 

there is a well defined action of G on the ideals of R and we will assume that R 

is a G-pr ime  ring. Recall that this means, by definition, that the product of any 

two nonzero G-invariant  ideals of R is nonzero. Certainly, this condition is 

satisfied if there exists a prime Q in R such that I ']x~GQ ~ = 0. For, if A~ and A2 

are G-invariant  ideals of R with A~A2 = 0, then A1A2 C Q and so As C Q for 

some i. Using the G-invariance of A~ we deduce that A~ C I ' ] x ~ Q  ~ and hence 

A, - 0. Part (i) of the following lemma shows that, conversely, in any G-pr ime  

ring R one can find such a prime Q. 

We remark on a simple property of semiprime rings. Suppose R is semiprime 

and let A and B be ideals of R with A B  = 0. Then (BA)  2= 0 so B A  = 0. In 

view of this, left and right annihilators of ideals are equal and we will just use the 

notation "ann" .  

LEMMA 3.1. Let R * G be given and assume that R is G-prime. Then 

(i) R contains a prime ideal Q with I ' l x ~ Q  ~ = 0 .  In particular, R is 

semiprime. 

(ii) Any prime of R contains a conjugate Q~ of Q and so {Q~ J x E G} are 

precisely the minimal primes of R. 

(iii) Let H denote the stabilizer o[ Q in G and let N = ann Q. Then H is a 

subgroup o[ G, 

N =  (-I Q ~ O  
x ~ H  

and 
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O= N N  ~ = N~N = Ns  

for all x E G\H.  

PROOF. (i) Since G is finite, an easy application of Zorn ' s  lemma shows that 

there exists an ideal Q of R maximal with respect to the property that 

n x ~ Q  ~ = 0 .  Now suppose A1 and A2 are ideals of R containing Q with 

A 1 A 2 C Q  and set B~ = n x ~ A ~ .  Then B1 and BE are G-invariant  and since 

B I B 2 C A I A 2  we have 

B,B2C N (A,A2) ~C N O'--o. 
x E O  x E •  

Since R is G-pr ime,  we conclude that B~ -- 0 for some i and then the maximality 

of Q implies that A, = Q. Thus Q is a prime ideal of R. 

(ii) Any prime ideal of R certainly contains I " ) x ~ Q  ~ -- 0 and consequently 

contains some Q~, since G is finite. Furthermore,  there are no inclusion relations 

between the primes {Q~ Ix E G}. For, if Q~Q~,  then Q~Q~"  for all n => 1, so 

by taking n = I GI  we obtain the contradiction Q ~ Q .  

(iii) If N denotes the annihilator of Q, then N Q  = 0 yields N Q  C Q~ for all 

x E G. Thus if x E G \ H  we deduce from (ii) that N C Q~ and we have shown 

that N C n x ~ n Q  ~. Conversely since 

we have N = ann O D n x ~ H o  ~ and therefore equality occurs. We remark that 

if H = G, then by definition N = n x ~ H o  �9 = R. In any case, by (ii) above we 

have O2t N and hence N ~ 0 .  Finally suppose x f f  H. Then clearly N C O  x- '=  

O ~-' so N ~ C O  and we have N N ~ C N O = O .  Similarly N ~ N = O  and also 

0 = ~ N IN  = N:~N. 

The notation of the preceding lemma will be kept throughout this section. 

NOTATION. Q will denote a minimal prime of the G-pr ime  ring R, N will be 

its annihilator in R and H will denote  the stabilizer of Q in G. Moreover,  we set 

M = ExxoN ~ so that M is a nonzero G-invariant  ideal of R. 

LEMMA 3.2. Let N and Q be as above. 

(i) N n Q = 0 and if A is any nonzero ideal of R with A C N, then ann A = 

Q. 
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(ii) Suppose o" is an automorphism o f  R and f : A ~ B is an additive bijection 

satisfying 

(rat ) f  = r (a f ) t "  

for all r, t E R and a E A .  I f  A ,  B are nonzero ideals of  R contained in N, then 

0 , ' = 0 ,  

PROOF. (i) By Lemma 3.1 (i), (iii) we have N fq Q = 0 and N Q  = 0. Thus if 

A C N  then Q CannA.  Conversely, suppose A B  =0 .  If A ~ 0  then A ~ Q  by 

the above and hence A B  = O C Q  implies that B CQ. Thus Q = annA.  

(ii) Let [ and cr be given. Then A Q  = 0 yields 

0 = ( A Q ) f  = ( A f ) Q "  = B Q  ~'. 

Thus Q ~ c ann B = Q. On the other hand, since B Q  = 0 and f is one-to-one, 

0 = B Q  = ( A f ) O  = ( A Q " - ' ) f  

yields A Q  ~ O. Thus O ' ~ - ' C a n n A  = O so O C O "  and we deduce that O is 

o--invariant. 

Note that Q * H is a two sided ideal of R * H. Roughly speaking, our method 

in this section is to pass from R * G to (R  * H ) / ( Q  * H ) -  ( R / Q ) * H  and thus 

reduce the general problem to the case of prime coefficient rings where the 

results of Section 2 can be applied. The following definition introduces the 

necessary machinery. 

DEFINITION. (i) For any ideal L of R * H we set 

L ~ = {a ~ R * G I M a  C G N L G } .  

Since M is G-invariant, L ~ is clearly an ideal of R * G. 

(ii) If I is an ideal of R * G, then we set 

18 = { a  E R * H I N a  CI}. 

Since N = ann Q is H-invariant, 18 is an ideal of R * H. Moreover N ( Q  * H )  = 

0 C I  shows that 1 8 D Q * H .  

Obviously, the maps ~ and 8 are monotone, as are the maps ~ and ~ used in 

Section 2. In fact, as we will see, the maps v and 8 behave similarly to u and d in 

many other respects. Indeed the following two lemmas are the analogs of 

Lemmas 2.3 and 2.4. 
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LEMMA 3.3. I f  L, L1 and L2 are ideals of R * H, then 

(i) N L G N  CNL.  

(ii) L[ML~  C(L1L2) ~. 

PROOF. (i) Observe that N L  C (R * H ) N  since N is H-invariant.  Therefore,  

for any x ~ G \ H  we have 

N L ~ N  C (R * H ) N ~ N  = 0, 

where the latter equality follows from Lemma 3.1 (iii). Consequently, N L G N  = 

NLFIN C NL. 

(ii) Clearly, 

M ( L  ~ML~) = (ML ~)(ML~) C (GN L ~ G )( GNL2t~) = G ( N L ~ J N ) L 2 G ,  

by definition of LT, and hence by part (i), M ( L ~ M L ~ ) C G N L ~ L 2 G .  Thus 

L ~ML ~ C (LIL2) ~. 

LEMMA 3.4. With the above notation we have 

(i) Let L be an ideal of R * H. Then L C L ~. 

(ii) I f  I is an ideal of R * G, then M I  ~v C L More importantly, there exists a 

nonzero G-invariant ideal E of R with 

E1 C GNISCr C 18~. 

PROOF. (i) By definition, L ~ = {a ~ R * H [ Na  C L v}. Since 

N L  C G N L G  C L ~, we see that L C L ~. 

(ii) Set L = I s. Then, by definition of 8 and ~, we have N L  C I  and hence 

M I  ~v = M L  ~ C G N L G  C I. 

We now wish to obtain a reverse inclusion relating I and I *~. Suppose first that 

N I  = 0. Then since I is G-invariant we have 

M I  = (EN~)I  = 0 c I  ~v 

and the result follows. Thus we may assume that N I / O .  Observe that N I  is a 

right ideal of R * G and a left R-submodule of R * G. 

Let 3- denote the set of all subsets T of G such that N l f q R * T / O ,  

N I  A R * T ' =  0 for all T ' ~ T  and 1 E T. Then 3- is a finite nonempty set of 

subsets of G. Indeed if y / 0  is an element of N I  of minimal support size, then 

T = (Supp y)x -1, for any x ~ Supp y, clearly satisfies the above conditions. 

Let T = {xl = 1, x2," �9 ", x,} E 3-. Then, by definition of 3-, Lemma 1.5 applies 
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to the R-bimodule  NI. In particular in the notation of that lemma there exist 

nonzero ideals A, B1 for i = 1, 2, �9 �9 -, n and additive bijections ~ : A ---* B~ such 

that 

(rat)~ = r(afi)t ~,-' 

for all r, t E R and a E A. Furthermore,  since NI  C N ( R  * G)  we have A, B~ C 

N. It now follows immediately from Lemma 3.2 (ii) that Q , S ' =  Q. In other 

words, x~ E H  for all i and we have shown that T C H  for all such T ~  S-. 

For each T E S-, let A r  denote  the ideal A, depending upon T, as given above 

and set D = n r ~ , A r .  Since J- is finite and A r  CN, it follows from Lemma 3.2 

(i) that D ~ 0. We show now, by induction on m --- I Supp a I, that if a E NI  then 

D~'+~a CCJNI~OJ. The case m = 0 is of course trivial. 

Now let a E NI  be given with I Supp c~ I = m > 0 and suppose the result is 

known for all elements y E NI  of smaller support size. Choose T CSuppc~ 

minimal with respect to the property that N I O R *  T g O .  If y E T, then 

Supp o07 -~ = (Supp a ) y - I  3 Ty-1, Ty-1 also has this minimal property since NI  is 

a right ideal, and 1 E Ty -I. Since it clearly suffices to show that Dm+~o07-~C 

CJNI~CJ, we can replace a by a)5 -1 and T by Ty-I  and hence assume that 1 E T. 

Thus 1 E Supp c~ and T E 9_. 

Let c = trc~ be the identity coefficient of c~ and let d E D CAr.  Then by 

definition of AT there exists an element /3 E N !  n R �9 T with tr/3 = d. Thus 

3' = dc~ - /3c  E NI  and since Supp/3 CSupp a and t r y  = 0, we have ISupp 3' I < 

m. By induction we deduce that Din3' C GNISt~ and hence D "da C GNISG + 

D ' / 3  c. Now we have shown above that T C H  and hence/3c E I n R * H C I  ~. 

Thus, since m => 1 and D C N  we have Din~3 c C N I  ~ CGNI~G. We conclude 

therefore that D~dc~ CGNISCJ and since this holds for all d E D we have 

Dm+Ja C CJNI~G. The induction step is proved. 

In particular, if k = I G I, we deduce from the above that Dk+INI C CJNI~G. 

But observe that D k * I N J  O, by Lemma 3.2 (i), since D C N  and D ~  0. Thus if E 

is defined by 

E = {r ~ R I rI CONISO}  

then E is not zero because E ~ D ~ * I N / O .  On the other hand, E is certainly a 

G-invariant  ideal of R so we have an appropriate  E ~ 0 with 

E1 C GNI~G C 18~ 

where the latter inclusion is of course trivial. This completes the proof. 
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Now Q * H  is an ideal of R * H  and we let 

K :R  * H - - ~ ( R  * H ) / ( Q * H ) =  ( R / O ) * H  = l~ * n  

denote the natural homomorphism.  H e r e / ~  = R / Q  is of course a prime ring. If 

L is an ideal of R * H containing Q * H we let L ~ denote its image in R * H. If 

/~ is an ideal of /~  * H we let IS ' - '  denote  its complete inverse image in R * H. It 

is clear that the maps"  and "-' yield a one-to-one correspondence between these 

two sets of ideals. Observe that if I is an ideal of R * G, then R * H  D I"  D 

Q * H and hence 18" is an ideal o f /~  * H. On the other hand, if IS is an ideal of 

/~ * H, then IS ' - '  is an ideal of R * H and thus IS'-'~ is an ideal of R * G. 

Recall f rom Section 2 that an ideal IS o f /~  * H is cal led/~-cancelable  if and 

only if ,4& CIS for 6 E / ~  * H  and A a nonzero H-invar iant  ideal o f /~  implies 

that & E IS. In the same sense we can speak of R-cancelable  ideals in R * G. 

Thus the ideal I of R * G is said to be R-cancelable  if and only if for any 

a E R * G and any nonzero G-invariant  ideal A of R, A a  C I implies that 

a ~ I .  

LEMMA 3.5. With the above notation we have 

(i) I f  l is an ideal of R * G  with I n R =O, then 1 8 " A R = O .  

(ii) I f  IS is an ideal of I~ * H with I~ n R = O, then IS ~-'~ n R = O. 

(iii) I f  the ideal IS of I~ * H is R -cancelable, then IS ~-,v is an R -cancelable ideal 

of R * G .  
(iv) I f  [.1, L2,'" ", f ~  are R-cancelable ideals of I~ * H, then 

PROOF. Let L be an ideal of R * H  containing Q * H .  We show that 

L KO/~ = 0  if and only if N L A R  = 0 .  Suppose first that L ' A / ~  = 0 .  If 

a E N L A R ,  then K ( a ) ~ L  KN/~ = 0  so a E R A ( Q * H ) = Q .  But certainly 

N L O R C ( N * H )  A R  = N s o a @ N n Q = 0 .  C o n v e r s e l y l e t N L n R  = 0 a n d  

let a E L with r ( a ) ~  L K n /~ .  The latter implies that there exists r E R with 

r ( a ) = a + Q * H = r + Q * H .  Thus a - r E Q * H  and N ( a - r ) C  

N ( Q * H ) = O  so N a = N r ~ N L A R  = 0 .  But N r = O  implies that r E Q  so 

r ( a ) = r ( r ) = O  and L ' A / ~  = 0 .  

Note also that by Lemma 3.1 (iii) we have N(~N = N/4N and hence 

N ( G N L G  ) = ( NISIN)LG C NLG.  

Now let a E R * G and write a = E~'a~ where {1 = xj, x2,. .  ",x.} is a right 
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transversal for H in G and where each ai E R * H. If E is an ideal of R with 

Ea C L  ", then M E a  C M L  ~ C G N L G ,  by definition of L ", and hence 

N M E a  C N ( O N L O )  C N L O  = 2 NLs 
1 

Thus for each i we conclude that 

NMEa,  C NL. 

(i) Suppose I n R = 0. Since NI  8 C I  we have NI  8 n R = 0 and hence by the 

above, with L = 18 , we have 18" n / ~  = 0. 

(ii) Suppose /~  n / ~  = 0 and set L =/~  ~-'. Then we know that NL n R = O. 

Let E =/~"- '~ n R = L"  n R and let a = 1 in the above so that surely E a  C L L  

Since a~ = 1 we therefore deduce that 

N M E  = N M E a  i C NL  n R = O. 

But M and E are G-invariant  ideals of R and N, M J  0. It therefore follows 

from the G-pr imeness  of R that E = 0. 

(iii) Now let f, be an /~-cancelable ideal of /~ * H  and suppose that 

Ea  C/~,K ,, where E is a nonzero G-invariant  ideal of R and a E R * G. Write 

a = Y~Ta,s as above. If L --/~."-', then Ea C L  ~ implies that 

NMEa,  C NL C L 

and hence A �9 K (a,) C/~, where .4 is the image of N M E  in/~. Since Q does not 

contain N, M or E, fi, is a nonzero H-invariant  ideal of /~ and thus our 

assumption on/~ implies that r ( a , )  E/~ for all i. In other words, oh E L for all i 

and we have 

c Y, c NL& C &NL&. 
i 

Moreover,  since E is G-invariant ,  we see that for any g E G 

Eg~ = gEo~ C s ~-'v. 

Thus the work of the preceding paragraph implies that Nga  C G N L G  for all 

such g E G and it follows that 

Ma = ~ g-~Nga C GNLG.  

By definition, a E L" =/~*-"L 
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(iv) Suppose {Lj} is a family of/~-cancelable ideals of/~ * H and let L~ =/ZT-'. 

Then obviously, since " is order preserving, we have (A jL j ) "  c AjLT.  For the 

reverse inclusion take a = E~'a,:~ E AjLT.  Then for each j, R e  CL7 and our 

above discussion, with E = R, shows that 

NMa~ C NLj C Lj 

for all i and j. Since the image of N M  in/~ is a nonzero H-invariant ideal of/~, 

we can use the assumption on the ideals/~j to deduce that a~ ELj .  Hence for all i 

we have 

n Lj=L 
J 

and so N a C N L G C ( ~ N L G .  Since a was arbitrary, we have shown that 

N ( N j L T )  c GNLG.  But F = {r E R [ r ( N j L T )  c G NL G }  is surely a G-invariant 

ideal of R and since F D N we conclude that F D M. In other words, we have 

shown that M ( N j L T ) c  G N L G  and hence, by definition, we have 

Thus 

n n i: 
J J 

where /~ : (n jLj )  : n , q .  

Note that /~ = R / Q  is a prime ring, so we know a good deal about the prime 

ideals of /~  * H from the work of Section 2. The following is the main result of 

this section. We prove it simultaneously with Lemma 3.7. 

THEOREM 3.6. Let R * G be a crossed product of the finite group G over the 

ring R. Assume R is G-prime and let Q be a minimal prime of R with H the 

stabilizer of Q in G. Then the maps 8~ and ~ r~ yield a one-to-one correspondence 

between the prime ideals P of R * G with P n R = 0 and the prime ideals 1~ of 

�9 H = (R * H) / (Q  * H)  with L n R = O. More precisely : 

(i) I f  P is a prime ideal of R * G with P n R = 0, then P~  is a prime ideal of 

�9 H with ps,  n R = O. Furthermore 

p = ps~.~-,~= p~.  
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(ii) Let  L be a prime ideal o f  l~ * H with IS O 1~ = O. Then IS K-,~ is a prime ideal 

o f  R * G with L "  -~ ~ o R = O and 

s -_ s h 

LEr~MA 3.7. Let  R * G be given with R a G-pr ime ring. I f  P is a prime ideal o f  

R * G with P n R = 0 and if  I is an ideal o f  R * G properly containing P, then 

I A R ~ O .  

PROOF. (i) Let P be a prime ideal of R * G with P n R = 0. By Lemma 3.5 (i) 

we know at least that ps ,  O/~ = 0. Set L = p8 and suppose that LI and L2 are 

ideals of R * H with L D LIL2. Then Lemmas  3.4 (ii) and 3.3 (ii) yield 

P D M P  ~ D M ( L , L 2 )  ~ D M L ~ M L ~ =  ( M *  G ) L ~ ( M  * G ) L ~ .  

Hence since P is prime and P 2 1 M * G ,  we conclude that P D L ,  for some i. 

Thus, by Lemma  3.4 (i), 

L = P ~ D L ~ D L ~  

and we have shown that L is a prime ideal of R * H. Therefore  since L D O * H 

we conclude that /~ = L"  = ps .  is a prime ideal of /~ * H. 

We now compare  P with p s v =  p~..-,~. First, Lemma 3.4 (ii) yields 

P D M P  ~ = ( M  * G ) P  ~. Thus since P is prime and PZ~ M * G we have P D psi. 

In the other direction, Lemma  3.4 (ii) also implies that there exists a nonzero 

G-invariant  ideal E of R with E P  C ps~ = IS K-,~. But /~ is prime and IS I"1/~ = 0 

so IS is /~-cancelable and we conclude from Lemma  3.5 (iii) that ps~ is 

R-cancelable.  Thus E P  C P  ~ implies that we have the reverse inclusion P C P  ~ 

so P = P ~  and (i) is proved. 

(ii) Now let L be a prime ideal o f / ~  * H with IS n / ~  = 0 and set L = /~  ~-1. 

Then by Lemma 3.5 (ii) we have L ~ D R = L ~-1~ D R = 0. Now suppose I is any 

ideal of R * G with I D L ~ and I n R = 0. Then Lemmas  3.4 (i) and 3.5 (i) yield 

I S ~ D L ~ D L  ~ =I~ 

and I ~ n / ~  = 0. Since R = R / O  is a prime ring, we can now apply Lemma 2.6 

to the crossed product /~ * H  to conclude that I ~ = /~  or equivalently that 

I ~ = L. Furthermore,  by Lemma  3.4 (ii), there exists a nonzero G-invariant  ideal 

E of R with 

E1 C I ~ = L ~ = L~-'~. 

Hence since L is/~-cancelable,  Lemma  3.5 (iii) implies that L ~ is R-cancelable  

and E I C L  ~ yields I C L  ~. Thus I =  L v. 
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In particular since L"  O R = 0, we can take I = L" in the above and deduce 

that 

/~ K-'~~ = L ~ = 18K =/~. 

Next suppose that Ii and I2 are ideals of R * G properly containing L ~. Then 

by the above we have 11 N R ~ 0, 12 O R ~ 0 and the G-pr imeness  of R yields 

I,I2O R 3 (I, N R)(I2O R ) ~  O. 

Thus using L ~ O R = 0, we conclude that I~I2~L ~ and therefore L ~ is a prime 

ideal of R * G. This completes the proof of Theorem 3.6. 

Finally for Lemma  3.7, let P be a prime ideal of R * G with P n R = 0 and let 

I~P. Then by (i) above P = L ~ =/~  ~-'~ where L = P~ and/~ is a prime ideal of 

/~ * H with/~ O/~ = 0. But we have just shown, for such ideals L, that if I ~ L  ~ 

then I O R ~ 0. Thus Lemma 3.7 is also proved. 

It is clear that we can now combine the maps ~" and "-'~ with the maps ~ and ~ 

of Theorem 2.5, applied to /~ *H,  to obtain a one-to-one correspondence 

between the prime ideals P of R * G with P n R = 0 and the H-p r ime  ideals of 

a certain twisted group algebra C'[H~~ where C is the extended centroid of/~.  

However,  instead of formalizing this further, we will content ourselves with 

proving the main results of this paper, namely Theorems 1.2 and 1.3. 

PROOF OF THEOREM 1.2. In view of the comments  of Section 1, this is an 

immediate  consequence of Lemma 3.7. 

For Theorem 1.3 we require just one more lemma, given below, which proves 

that a certain ideal of R * G is nilpotent. Unfortunately the multiplication 

formula of Lemma 3.3 (ii) is not sufficient to do this because of the presence of 

the factor M which occurs within the product. Thus the argument given here is a 

good deal less straightforward than the analogous proof in Section 2. 

LEMMA 3.8. I f ]  denotes the unique maximal nilpotent ideal of I~ * H, as given 

by Lemma 2.7, then ]K-~ is nilpotent of degree <-_ I HI .  

PROOF. Set J = jK-,. We first show that for any a E GNJG there exists an 

H-invar iant  ideal I of R properly containing Q such that 

NINGa C NJN.  MG. 

Since a ~ GNJG we have a E El t~Na,G, a finite sum, with t~ ~ J. By Lemma  
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2.8 (ii), applied to the nonzero ideal N/~/ of /~, there exists a nonzero 

H-invariant ideal [ of/~ such that [ .  K (a~) C.fNl~l. Thus, if I denotes the inverse 

image of i in R, then I is also H-invariant and we have 

Ia~ C JNM + Q * H. 

Let K~ = (~Na~(~ and consider (N ING)K ,  Since N G N  = NIYlN, by Lemma 3.1 

(iii), and since NIN is H-invariant,  we have 

(NING)K,  = NI(NGN)a,CJ 

= NI(NfIN)a~G 

= I-FtNIN2aiG 

C IYtNIaiG. 

But I~  C J N M  + Q * H so NIo~, C N J N M  and therefore 

(NING)K,  C/q(N/a , )  (~ 

C H ( N J N M  ) G 

= NJNMO 

where the latter occurs since the factor H can be absorbed into the ideal NJ of 

R * H. Hence, since a E E,K,, we conclude finally that 

NINGa C ~ (NING)K,  CNJNMG. 
i 

By Lemma 2.8 (i), there exists a sequence J = J ,  J2," �9 �9 of/~-cancelable ideals 

in /~ * H  such that JJ~ C J,+, and .fk = 0  for some k =<IH[. Set J, =JT-' so that 

J~=J, JJ~CJ~+, and J k = O * H .  We show now that J~J~CJ~+I. First let 

a E GNJG and let/3 ~ JL Then M6'./3 = GM/3 C GNJ~G. Thus if I denotes the 

ideal constructed for a in the first paragraph of the proof, then we have from the 

above and Lemma 3.3 (i). 

NINGa/3 C NJNMG/3 

C NJNGNJiG 

C NJJ, G 

c ( i i , )  . 
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Now set E = E x ~  (NIN) ~. Then E is a G-invariant ideal of R which is certainly 

nonzero, since NINE Q, and the above shows that we have 

Ec~/3 c UL)" c J;+,. 

However,  ]~+t is/~-cancelable so J~+l = JT[~ v is R-cancelable, by Lemma 3.5 (iii), 

and hence we deduce from Earl CJ~§ that 

a/3 E/[+l. 

We have therefore shown that 

(GNJG)J~" C J~'+ 1- 

But observe that MJ ~ C GNJCr. Thus we conclude from this that 

MJvJ7 C (ONJO)J~" C J~'+l 

and again using the fact that J7+~ is R-cancelable we deduce that J~JfCJT+l. 
Finally suppose that (J~)~ CJ [  for some i. Then, by what we have just shown, 

we have 

(j~)~+J = j~(j,)~ CJ~JrCJr+I. 

Thus since J = J1, it now follows by induction that (J")'  C J7 for all i. But 

Jk = Q * H  so NJ~ = 0 and J~= 0. Hence (jv)k = 0 and the lemma is proved 

since k =<till. 

We now offer the promised 

PROOF OF THEOREM 1.3. We are given a crossed product R * G with G finite 

and with R a G-prime ring. As usual let Q be a minimal prime of R, given by 

Lemma 3.1 (i), and let H be the stabilizer of Q in G. By Lemma 2.7, applied to 

the crossed product /~ * H, we see that there are finitely many primes/], of/~ * H 

with [ FI/~ = 0. Indeed if these are  /-7,1,/~2,'" ", /~rt, then n =< I HI  _--- I G I and 

] =//,1 FI/~,2 FI �9 �9 �9 FI/7,, is the unique largest nilpotent ideal of iq * H. For each i, 

set P~ =//,7 iv. Then we conclude from Theorem 3.6 that P1, P2," �9 ", P, are the 

unique prime ideals of R * G having trivial intersection with R. 

Since each [ j  is prime and satisfies [ j  (3 i~ = 0, we see that each [ j  is 

i~-cancelable. Thus Lemma 3.5 (iv) yields 

P l f 3 P 2 n " "  A P , =  r"l Lj = 
i 
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and we deduce from Lemma 3.8 that P1 n P2 n �9 �9 �9 o P. is nilpotent of degree 

_-<IHI and hence of degree =<IGI. This of course implies that P~ n P2A . . .  n 

P. is the unique largest nilpotent ideal of R * G. 

Finally let P be any prime ideal of R * G. Then P contains the nilpotent ideal 

PI O P2 n �9 �9 �9 o P. and hence P 3 Pi for some i. This shows that the minimal 

primes of R * G are the minimal members of the set {P,  P2, '" ", P,}. But 

observe that P~ 3 Pj implies by Theorem 3.6 that s = P ~ ' 3  P~" =/Zj and hence 

since /S~ is minimal, we must have i---j. This shows that P~,P2,..  ",P. are 

precisely the minimal primes of R * G and the theorem is proved. 

We close this section with two corollaries. The first explains why the condition 

of G-semiprimeness of R * H can be replaced by the simpler condition of 

ordinary semiprimeness in [8, theorem 2.7]. The second shows by example that 

the one-to-one correspondences given here actually offer much more informa- 

tion than we state in the main theorems. 

COROLLARY 3.9. Let R * G be a crossed product with G finite and with R a 

semiprime ring. Then R * G has a unique largest nilpotent ideal J and jilt = O. 

PROOF. Let J be the sum of all nilpotent ideals of R * G. We show below that 

JJ~f = 0 and from this it will follow immediately that J is the unique largest 

nilpotent ideal of R * G. 

Observe that if P is a prime ideal of R, then n x ~ P  ~ is clearly a G-prime 

ideal. Hence since R is semiprime, it follows that the intersection of all G-prime 

ideals of R is zero. Now let Q be a G-prime ideal of R and let 

- : R  *G--~ R * G / Q * G  ~ - ( R / Q ) * G  

denote the natural homomorphism. Then ] is a sum of nilpotent ideals of 

( R / Q )  * G and R / Q  is a G-prime ring. Thus we deduce from Theorem 1.3 (iii) 

that .1 is nilpotent and in fact that .I f~r = 0. In other words, JIGrC O * G and, since 

this holds for all such Q, we have 

J'~sc n Q * G = (  O Q ) * G = O .  
O 

The result follows. 

COROLLARY 3.10. Let p > 0 be a prime and let R * G be given with G a finite 

p-group and with R a G-prime ring of characteristic p. Then R * G has a unique 

minimal prime ideal. 
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PROOF. In view of Theorem 1.3, P is a minimal prime ideal of R * G if and 

only if P fq R = 0. Suppose first that R is a prime ring. Then by Theorem 2.5, the 

number of minimal primes of R * G is the same as the number of G-prime ideals 

of E = Ct[Ginn]. But observe that C is a field of characteristic p and Ginn is a 

finite p-group, so E has a unique prime ideal by [8, lemma 3.3 (i)]. Hence E has 

a unique G-prime ideal and R * G has a unique minimal prime in this case. 

Finally, if R is G-prime we apply Theorem 3.6 and its notation. Thus the 

number of minimal primes of R * G is the same as the number of minimal 

primes of ( R / Q ) * H .  Since R / Q  is a prime ring of characteristic p and H is a 

finite p-group, the result follows from the prime case considered above. 

w Chains of prime and primitive ideals 

In addition to the ring extension R C R * G studied in the preceding sections, 

we shall now consider another type of ring extension. Namely, suppose G is a 

finite group acting as automorphisms on a ring R. Then R ~ = {r E R I r~ = r for 

all g E G} is a subring of R, the so-called fixed subring of R. We will be 

concerned here with some aspects of the relationship between R and R ~. More 

precisely, for both types of extensions, R C R * G and R ~ C R, we shall show 

how to pass from a chain of prime ideals in one of the rings to a chain of prime 

ideals in the other ring having the same length. Here of course the length of the 

chain 

c c Po~PI~ " " ~P~ 

of distinct prime ideals P~ of a ring is defined to be the number n. Special 

attention will be given to the primitive ideals, that is to those ideals that are 

annihilators of simple right modules. 

We start with the extension R C R * G where the results we have obtained so 

far can be easily applied. As we will see, little additional work is required to 

distinguish the primitive ideals among the primes. Thus in the first part of this 

section, R will be a ring (with 1), G will be a finite group and R * G will denote a 

crossed product of G over R. 

If A is an ideal of any ring S, then a minimal covering prime of A is, by 

definition, a prime ideal P of S containing A such that P / A  is a minimal prime 

of the ring S /A .  The following two lemmas describing the minimal covering 

primes of certain ideals in R * G and in R, contain somewhat more detail than is 

actually needed here. 
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LEMMA 4.1. Let A be an ideal of R and set 

A (,OoA )*O 
Then A ' is an ideal of R * G with A ' N R = r"lx~oA ~. Moreover 

(i) If A is prime, then A ' has finitely many minimal covering primes. I f  these 

are P1,/~ ", Pn, then P, F1 R = A x ~ o A  ~ for all i and r'l~ P, is nilpotent modulo 
e r" 

(ii) I[ A is primitive, then the minimal covering primes of A ' are also primitive. 

(iii) If A is maximal, then so are the minimal covering primes of A '. 

PROOF. Since the first assertions are obvious we proceed to verify (i), (ii) and 

(iii). 

(i) If A is prime, then, by the introductory remarks of Section 3, /~ = 

R/r ' )x~oA ~ is a G-prime ring. Furthermore the minimal covering primes of A '  

correspond to the minimal primes of the ring (R * G ) / A ' =  I~ * G which are 

described in Theorem 1.3. In particular, they are finite in number, all of them 

satisfy/5 n / ~  = 0, and their intersection is the unique largest nilpotent ideal of 

/~ * G. Assertion (i) follows immediately from this. 
(ii) Now suppose A is primitive and let V be an irreducible right R-module  

with annihilator A. Consider the induced R * G-module  W = V (~)R R * G. As 

an R-module,  W can be written as a finite direct sum 

xEG 

of the R-submodules V @ g. The latter are of course conjugate to V and hence 

they are also irreducible. In particular W, as an R-module,  has a composition 

series of finite length and afortiori W has a finite composition series, say 

2D XD. W = Wont=Wit# ' '  ~ W t  = 0 

as an R * G-module.  It is easy to see that the annihilator of W is precisely equal 

to (f-)x~o(annR V)~)* G = A' .  

Now let P~ = annR.o (W~_:/W~) be the annihilator of the irreducible R * G- 

module W~_I/W,. Then the ideals P~ are primitive and certainly P~ D A ' =  

annR.~ W. Moreover, the product P:. P2 . . . . .  P, clearly annihilates the module 

W so we have P: 'Pz  . . . . .  P, CA ' .  It follows from this that any prime 

containing A '  contains one of the ideals P, In particular the minimal covering 

primes of A '  form a subset of {P:, P2,'" ", P,} and hence are primitive. 
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(iii) Finally let A be maximal and let P be a minimal covering prime of A' .  

Suppose by way of contradiction that P is properly contained in an ideal I of 

R * G. Then, by Theorem 1.2, it follows that I O R a P  O R = A ~ A  ~, where 

the latter equality holds by part (i). Choose a maximal ideal B of R containing 

I N R .  Then n x ~ A  ~ C B  and hence A ~ C B  for some y ~ G .  Thus the 

maximality of A implies that equality must hold here so B = A ~. Since I O R is 

a G-invariant ideal of R and I n R CB, we conclude that I n R C A ~ o B  ~ = 

A ~ o A  ~ = P n R. This contradiction shows that P is in fact maximal. 

The next lemma deals with the reverse process of passing from an ideal of 

R * G to an ideal of R. 

LEMMA 4.2. Let l be an ideal of R * G. Then l O R is a G-invariant ideal of 

R. Moreover 

(i) If I is semiprime, then I n R is also semiprime. 

(ii) If I is prime, then I O R = n x ~ o P  ~ for some prime ideal P of R which is 

unique up to G-conjugacy. 

(iii) If I is primitive, then the ideal P in (ii) is also primitive. 

PROOF. The first assertion is clear. 

(i) Let I be semiprime and let A be an ideal of R which is nilpotent modulo 

I n R. Then the G-invariant ideal B = Z ~ c A  ~ is also nilpotent modulo I n R, 

since G is finite. Observe that B * G is an ideal of R * G satisfying (B * G)  ~ = 

B '  * G for all i. Thus some power of B * G is contained in (I n R ) *  G and 

hence in I. The assumption on I now implies that B * G C I and hence 

A C B C I n R. This proves that I n R is semiprime. 

(ii) This follows by quoting earlier results. Indeed, Lemma 1.1 says that I n R 

is a G-prime ideal of R and hence Lemma 3.1 (i) yields the existence of P. 

Finally, the uniqueness of P, up to G-conjugacy, is immediate from Lemma 3.1 

(ii). 

(iii) Now suppose I is primitive and let V be an irreducible right R * G- 

module with annihilator I. Then an appropriate version of Clifford's classical 

restriction theorem (see [6, lemma 1.3]) shows that the restricted module VR 

contains an irreducible submodule W and in fact can be written as 

v.=E 
Let Q denote the annihilator of W so that Q is a primitive ideal in R. Then Q~ 

is the annihilator of the R-submodule W~ of VR and hence 
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I n R = annR V = n anna w2 = n Q~- 
x E O  x E O  

The uniqueness of P now implies that P = Q~ for some y ~ G, so P is primitive. 

We now combine these two lemmas to obtain Theorem 4.4, a result which 

extends [6, theorem 1.7]. Recall from the introduction that a ring S is said to 

have prime rank n if S has a chain of prime ideals of length n but no longer such 

chain. If there is no bound for the lengths of chains of prime ideals in S, then of 

course the prime rank of S is infinite. The primitive rank of S is defined 

analogously via primitive ideals. Thus the primitive rank of S is 0 if and only if all 

primitive ideals of $ are maximal. For later work, it is convenient to first obtain 

the following. 

LEMMA 4.3. Let e E R * G be an idempotent with tr e, the identity coefficient 

of e, a unit in R. If  R has prime (or primitive) rank >= n, then there exists a chain 

p c p  c . . . ~ p .  
o 4  1 4  

o.f prime (or primitive) ideals o[ R * G such that e~. P.. 

PROOF. By assumption there exists a chain 

Oo~O,~-.. ~O~ 

of prime (or primitive) ideals of R. Observe that, for each i, nx~oC)~ c 

nx~oO~§ and in fact these two ideals are distinct. Indeed, if equality occurred, 

it would follow that Q, 3 nx~oO~+l and thus Qi D O~+14Q, for some y E G. 

However, as we have already remarked in the proof of Lemma 3.1 (ii), a strict 

inclusion Q~ ~O{~ is impossible since G is finite. 

Now observe that e ~ . Q ' = ( n x ~ o O ~ , ) * G  since tre, being a unit, is not 

contained in n ~ o O ~ .  Furthermore, since e is an idempotent, e cannot even be 

nilpotent modulo Q' .  It therefore follows immediately from Lemma 4.1 (i) that 

there exists a minimal covering prime P, of Q" such that e ~  P,. We now 

successively apply the Going Down theorem (Theorem 1.3) and find prime ideals 

P,-x, P.-2, �9 �9 ", Po of R * G such that P~+, D P,, P~ is a minimal covering prime of 

Q'~ and P~ N R  = nx~oo~.  Then we have e ~ P .  and 

= c . . . ~ p .  Po4P~ 

where the inequalities occur since 

P, O R =  n 0 ~  n 0~+,= P,+, AR- 
x E O  x E G  
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Thus the result follows in the prime case. Finally, if all Qj are assumed to be 

primitive, then each P~ is also primitive, by Lemma 4.1 (ii), and the iemma is 

proved. 

THEOREM 4.4. Let R * G be a crossed product of the finite group G over the 

ring R. Then the prime rank of R * G is equal to the prime rank of R and the 

primitive rank of R * G is equal to the primitive rank of R. 

PROOF. By taking e = 1 in the preceding lemma, we deduce immediately that 

the prime rank and the primitive rank of R are at most equal to the 

corresponding ranks of R * G. For the reverse inequalities, suppose that 

c c . . . ~ p .  Po~PI~ 

is a chain of prime (or primitive) ideals of R * G. Then by Theorem 1.2 the 

intersections P i n  R are all distinct and by Lemma 4.2 (ii) we may write 

P, N R = n x ~ O ~  for a suitable prime ideal O~ of R unique up to G-  

conjugation. Now fix Q.. If O~+l is given, then since Q~+l D n x ~ Q ~ ,  we may 

certainly choose Qi so that Q~+1D Q~. Thus by successively choosing 

O,-1, Q,-2,"" ", Qo we obtain the chain 

C C Q o ~ O , ~ "  "~O. 

where the inequalities occur since 

N ~=P,  nR~P,.~nR= N 0~.,. 
x E G  x E G  

Thus we see that the prime rank of R * G is at most equal to the prime rank of R 

and hence the two ranks must be equal. Finally, if each P~ is assumed to be 

primitive, then each Qi is also primitive by Lemma 4.2 (iii). 

We remark that the above argument actually shows that corresponding prime 

(or primitive) ideals of R and of R * G have the same height. 

We now turn to the pair R a C R. Thus for the remainder of this section we 

assume that G is a finite group acting on the ring R. Using this action, we may 

then form the skew group ring RG. Here  the elements of RG are of course 

formal sums Z x ~ r ~  with rx E R, addition in R G  is defined componentwise and 

multiplication is defined distributively by means of the rule 

x - I  
(rx~)(ryy) = nr, xy. 
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In other words, R G  is just the special case of a crossed product R * G where the 

factor set is identically 1 and where the automorphisms ~ are given by the action 

of G on R. Therefore  our previous results apply to RG. 

For the remainder  of this section we also assume that [G 1-1E R so that R G  

contains the element e = [ G I - 1 E , ~ j .  Observe that ~e = e = e~ for all y E G 

and consequently e is an idempotent  of RG. Moreover,  for r E R we have 

e r e = (  IGl-l  ~'~xEag)re 

= I G ' - 1 (  ~'~x~ rX-'xe) 

= l G l - l ( x ~ c r X - ' e )  

= t6 (r)e 

where t~ ( r ) =  I G I -1Ex~r  x is obviously an element of R e. Therefore,  for any 

r E R  and x E G  we have e ( r g ) e = e r ( ~ e ) = e r e = t ~ ( r ) e E R C e  and hence 

eRGe C R Oe. On the other hand, since the elements of R ~ obviously commute  

with e, we have R ~ = eR ~ = eR ~ C eRGe and thus 

eRGe = e R ~  = Rae  = R ~  

where the latter isomorphism R a = R ~ is given by r ~ re. In other words, R c 

is related to R G  in a natural way. We can then use our previous knowledge on 

the extension R C RG, together with well known and classical results on 

extensions of the type eRGe C RG, to derive information about the pair R ~ C R 

quite easily. Let us first summarize what is needed about the extension 

eRGe C R G  or, more generally, fS f  C S where f is any nonzero idempotent  of 

the ring S. All this is of course well known and most of it can be found in 

Jacobson 's  book [4]. However,  for the sake of completeness,  we include the easy 

proof. 

LEMMA 4.5. Let f be a nonzero idempotent of the ring S. Then the map 

9 : P ~ fPf  = P f) fS f  sets up a one-to-one correspondence between the set 6P r of 

prime ideals of S not containing f and the set of all prime ideals of fSf. Moreover, if 

P, P1 and P2 are in 6el, then PT C P~ if and only if P1 C P2 and P~ is primitive if and 
only if P is primitive. 
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PROOF. Observe that if A is an ideal of fSf, then SAS is an ideal of S with 

SAS N fSf  = f ( S A S ) f  = ( fSf)A (fSf) = A. 
Suppose that P is a prime ideal of S not containing f. We show that P" = fPf 

is prime in fSf. First since f ~  P we have f ~  P"  and hence P"  is a proper  ideal of 

fSf. Now suppose that A1 and A2 are ideals of fSf  with A1A2CfPf. Then 

(SA,S) (SA2S)  = SA~(fSf)A2S C SA,A2S CP 

and we conclude from the primeness of P that SAiS C P  for some i. Further- 

more, for this i, 

A, = f (SA ,S ) f  CfPf 

and we deduce that fPf = P~ is indeed a prime ideal of fSf. 

Now let P~,P2~ 3~ and assume that P'~CP~. Then fP~fCfP2f and we have 

(SfS)P~(SfS) C P2. Hence since f ~  P2, we conclude from the primeness of P2 that 

P1 C P2. Conversely, if P~ CP2 then obviously P~ = fP,f  C fP2f = P~. Thus we 

have shown that P~CP~ holds if and only if P1CP2. In particular, we see 

immediately that ~ is injective. 

Next we show that ~ is onto. Thus let Q be a prime ideal of fSf  and observe, 

as above, that the ideal SQS of S satisfies SQS • fSf  = Q. Hence, by Zorn's  

lemma, we may choose an ideal P of S which is maximal with respect to 

P N fSf = Q and then it follows easily that P is prime. Furthermore,  f ~  P so 

P ~ 5r I. Since P~ = Q holds by the choice of P, we have therefore shown that t~ 

is onto. 

It remains to verify the assertions concerning primitive ideals. Thus let P be a 

primitive ideal of S with f ~  P and, say, P is the annihilator of the irreducible 

right S-module V. Then Vf is a right fSf-module which is nonzero, since f ~  P. 

In fact Vf is irreducible. Indeed, if U C Vf is a nonzero fSf-submodule of Vf, 

then it follows from the irreducibility of V that US = V and hence Vf = USf = 

U(fSf) = U. Furthermore,  the annihilator of Vf in fSf  is easily seen to be 

P~ = fPf. Thus, if P is primitive, then P~ is primitive. 

Conversely, let Q be a primitive ideal of fSf  and let W be an irreducible right 

fSf-module with annihilator Q. Write W = f S f /X  for some maximal right ideal 

X of fSf. Then X~ = XS �9 (1 - f )S  is a right ideal of S with 

x ,  n f s f  = x s  n f s f  = x s f  = x 

and thus X1 is contained in a maximal right ideal Y of S. Clearly, Y N fSf  = X 

since X is maximal and f ~ Y and hence, as fSf-modules, we have 

v =  s / Y D ( f s f  + Y)/Y--fsf/x - w .  
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Consequently, if P denotes the annihilator of the irreducible right S-module V, 

then P is a primitive ideal of S such that 

P f 7 f S f  = f P f C a n n t s t W  = Q. 

In particular, ft~ P. To prove the reverse inclusion, observe that [ S O  = 

( f S f ) O  c X  c Y and (1 - f ) S O  C(1 - f ) S  C Y. Thus S O  = [ S O  + (1 - f ) S O  c Y 

and we see that S O S  is a two sided ideal of S contained in Y. Thus 

S O S  C a n n s S / Y  = P and hence O C f P f  = P*. This proves the equality O = P'~ 

and we have shown that if O is a primitive ideal of fSf ,  then O*-'  is also 

primitive. 

Let us note the following simple consequence of Lemma 4.5. Namely, if f is a 

nonzero idempotent of S, then the prime rank and the primitive rank of [ S f  are 

bounded above by the corresponding ranks of S. Indeed, if c c . Q I ~ Q 2 ~ "  " ~ Q ,  is a 

chain of prime (or primitive) ideals of IS[, then by applying the map ~p -1 as given 

above, we obtain a chain P 1 ~ P ~ " "  ~ P ,  of prime (or primitive) ideals of S. We 

now combine all these observations to obtain the 

PROOF OF THEOREM 1.4. For convenience let us use rank S to denote either 

the prime or primitive rank of S, whichever is relevant. Now we are given a finite 

group G acting on a ring R and we assume that I GI is invertible in R so that 

e = I G I - lXx~s  exists in the skew group ring R G .  As we noted above, we may 

identify R e with e R G e  C R G .  Hence, in view of the above remarks, we 

immediately deduce from Lemma 4.5 and from Theorem 4.4 that 

rank R ~ < rank R G  = rank R. 

Note that e is an idempotent of R G  with tr e = I G 1-1, certainly a unit in R. 

Thus if rank R -> n, for some integer n, then Lemma 4.3 implies that there exists 

a chain 

c c . . . . c p .  

of prime (or primitive) ideals of R G  with e ~  P.. Hence, by Lemma 4.5, with 

S = R G  and [ =  e, we see that 

p ~ c o , ~ c  . . c ,~ 

is a chain of prime (or primitive) ideals of e R G e  = R 0. We deduce from this that 

rank R _--< rank R 6 and we have equality throughout. The theorem is proved. 
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w Appendix: the infinite cyclic group 

The goal of this final section is to obtain results analogous to Theorems 1.2 and 

2.5 in case G = Z is infinite cyclic. Obviously at this point we must allow G to be 

an infinite group. As we will see, the key properties of Z needed to make our 

arguments work are: 

(i) Z is abelian. 

(ii) Any nonidentity subgroup of Z has finite index. 

These properties of course characterize Z among the infinite groups. The 

techniques used here are quite similar to those of Section 2. Therefore  to avoid 

unnecessary repetition, we will mainly concentrate on the differences and merely 

sketch the proofs when similarities occur. 

Let R * G be given with G arbitrary and with R a G-prime ring. We let 

denote the set of all nonzero G-invariant ideals of R. It is clear that ~ is closed 

under sums as well as finite products and intersections. Furthermore,  each ideal 

in ,~ has zero right and left annihilators in R. Using this collection of ideals, we 

can now define a ring of quotients S = Q o ( R )  quite analogous to Qo(R) .  

Indeed S consists of all equivalence classes of left R-module  homomorphisms 

f : RA ~ RR but here we insist that A E ~. In view of the above properties of ~, 

it is clear that, with the natural addition and multiplication, S will be a ring 

extension of R. 

LEMMA 5.1. Let  S = Qo ( R )  be as above. 

(i) I f  s E S and A s  = O for some A E ~, then s = O. 

(ii) I f  s~, s 2 , "  ", s. E S then there exists A E ,~ with As~, A s 2 , . . . ,  A s ,  C R .  

(iii) Let  o" be an automorphism of  R such that ~ = ,~. Then cr extends to a 

unique automorphism of  S. In particular, each ~ with x E G extends to a unique 

automorphism of  S. 

(iv) Let  o" be an automorphism of  R and let A ,  B ~ ~. Suppose that f : A ~ B is 

an additive bijection which satisfies 

(rat ) f  = r (a f ) t  ~ 

for all r, t E R and a E A .  Then  s = f is a unit in S, conjugation by s induces the 

automorphism o" on R and a f  = as for all a E A .  

PROOF. Parts (i), (ii) and (iv) follow as in Lemma 2.1. Part (iii) follows as in [8, 

lemma 2.1 (iv)]. One needs ,~ = ~ here in order to define f~ : RA ~ --~ RR. Since 

each ideal in ,~ is ~-invariant for all x E G, it is now clear that each 

automorphism ~ is uniquely extendable to S. 
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Using the observation of (iii) above we extend each ~ uniquely to an 

automorphism of S which we denote by the same symbol. We now define G~,n to 

be the set of all x ~ G such that the automorphism ~ is induced by conjugation 

by a unit of S. It follows easily that G~,, is a normal subgroup of G. Furthermore,  

if C denotes the center of S, then we have 

LEMMA 5.2. There exists a unique crossed product S * G extending R * G. 

Moreover, if E denotes the centralizer of S in S * G~n,, then S * G,,n = S t ~ c E  and 

E = C'[G~.,], some twisted group ring over the commutative ring C. 

PROOF. This follows as in [8, lemma 2.3]. Note that here we assume, by 

definition, that E C S * Gi,,. 

We remark that the ring S given here and hence also the group Gi., are 

different from the analogous objects defined in Section 2. Nevertheless we see 

that S enjoys properties quite similar to the ring Qo(R). The real difference 

occurs when we consider the center C. It is certainly not true that C must be a 

field. Indeed, if R is a G-simple ring, then R = S and C is just the center of R. 

On the other hand, one can hope, as in [1, theorem 5], that C is a yon Neumann 

regular ring or at least a ring with similar properties. We show this in the next 

lemma. 

Observe that (~ acts on R and on S and that U, the group of units in R, 

centralizes C. Thus G = (~/U acts on C. Whenever we have a permutation 

action of G on any set I), an element to E ~ is said to be G-orbital  if and only if 

to has only finitely many distinct G-translates. In particular, we can speak of 

G-orbital  ideals of R and G-orbital  elements of C. 

LEMMA 5.3. Let C denote the center of S = Qo (R ). 

(i) C is the centralizer of R in S and i[ f : RA --~ RR represents an element of S, 

then t E C if and only if f is an R-bimodule homomorphism. 

(ii) If N is a G-orbital nilpotent ideal of R, then N = O. 

(iii) If  D is a G-orbital ideal of R, then there 

such that A C D, B fq D = O and A ~) B ~ 

(iv) Let c ~ C be a G-orbital element. Then 

c' ~ C such that cc'c = c. 

(v) If  [G : G~.n] < oo, then C is a finite direct 

permuted transitively by G. 

exist G-orbital ideals A,  B of R 

there exists a G-orbital element 

sum of fields and these fields are 
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PROOF. (i) Let f : RA ~ aR represent an element of S. If f centralizes R, then 

for all r E R, since rpf and f t ,  are both defined on A, we must have rpf = frp on A. 

In other words, for all a E A 

(ar)[  = arp[ = a[rp = (a[)r 

and f is an R-b imodule  homomorphism.  

Now suppose )r is an R-b imodule  homomorphism and let g : R B - - > R R  

represent  an element of S. Then [g and g[ are both defined on D = A B  O B A  

and for all d E D and a E A we have, since f is a bimodule homomorphism,  

and 

(ad) fg  = ( (a f )d )g  = (a f ) (dg  ) 

( a d ) g f  = (a (dg ) ) f  = (af)  (dg).  

Thus fg and gf  agree on A D  E ~ and we conclude that f is central. 

(ii) If N is a G-orbi ta l  nilpotent ideal of R, then ExxoN ~ is a G-invariant  

ideal of R which is also nilpotent since the sum is finite. But R is G-pr ime,  so 

ExxoN ~ = 0 and N = 0. 

(iii) Let D be G-orbital .  If D = 0, take A -- 0 and B = R. On the other hand, 

if n x ~ D  ~ ~ 0, take A = n x ~ D  ~ and B = 0. Thus we may assume that D ~ 0 

but that n x ~ D  ~ = 0. 

Observe that n , ~ c D  ~ is actually a finite intersection since D is G-orbital .  

Hence  since D ~  0 there exists a subset X C G maximal with respect to the 

property that V = n x ~ x D ~ g  O. Again, since the latter intersection is also finite, 

we see that V is G-orbi ta l  with distinct conjugates V = V1, V2, . . - ,  V~. 

Note that the maximality of X implies that V, Vj C V, n Vj = 0 for i J j .  Hence 

for each i, Vi A(Ej, ,~vj)  is a G-orbi ta l  ideal of square zero. We therefore 

conclude from (ii) above that each such intersection is zero and thus E~' V~ is a 

direct sum. 

Let A = E' V~ be the partial sum of those V~ with V~ C D and let B = E" V~ be 

the sum of the remaining terms. Then clearly A ~ ) B  ~ ~ and A C D. 

Moreover,  again by the maximality of X, DV~ C D n V~ = 0  for all V~ not 

contained in D. Hence  D n B is a G-orbi ta l  ideal of square zero, so D O B = 0 

and this part is proved. 

(iv) Let c E C be represented by the R-modu le  homomorphism f : RM ~ RR 

with M ~ ~. Since f is an R-b imodule  homomorphism,  by (i) above, D = k e r f  

is a two sided ideal of R contained in M. Note that f~ is defined on M since M is 

G-invaraint .  Hence  since f~ represents c ~ and c is G-orbital ,  we conclude that 

D is a G-orbi ta l  ideal of R. 
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By (iii), there exist G-orbi ta l  ideals A, B, of R with A CD, B I n  D = 0 and 

A ~ ) B , E ~ .  Note that M D D D A  so 

(A ~ ) B , ) A M  = A Q)(B1 n M)E 

and we set B -- B1 n M. Of  course, B is also G-orbital .  Since B n D = 0 and 

B C M, the restricted map f : RB --~ aR is clearly one-to-one. Furthermore,  since 

f is an R-b imodule  homomorphism on M 3 B and since both f and B are 

G-orbital ,  it follows immediately that Bf is also a G-orbi ta l  ideal of R. 

We can now apply (iii) above to the ideal Bf and we conclude that there exist 

G-orbi ta l  ideals V , W  of R with VCBf,  W A B f = O  and V ~ ) W E ~ .  Let 

g :R(V~]) W)--~RR be defined by (v + w)g = vf -~ where f-~ denotes the well 

defined back map f-~:Bf--~B. Then certainly g is a G-orbi ta l  R-b imodule  

homomorphism and since V ~) W ~ ~ we see that c '  = ~ is a G-orbi ta l  element 

of C. Finally let F = ( V O W ) ( A ~ ) B ) E ~ .  Then F f C V ~ W  and since 

F f C B f  we have 

F f C ( V ( ~  W ) A B f =  V. 

With this, it is now a simple mat ter  to compute fgf on F. Indeed if a + b E F C 

A ~ ) B ,  with a E A ,  b E B ,  then 

(a + b )fgf = (bf)gf 

= (bf)f-'. f 

= b f  

= (a + b)f.  

Thus fgf and f agree on F ~ ,~ and we conclude that 

c c '  c = f~,[  = f = c. 

(v) We note that G~~ certainly acts trivially on C. Thus if [G : Gi,,] < oo, then 

every element of C is G-orbi ta l  and we conclude from (iv) that C is a 

commutat ive yon Neumann regular ring. Now it is clear from Lemma 5.1 (i), (ii) 

that every nonzero G-invariant  ideal of S intersects R in a nonzero G-invariant  

ideal. Thus S is also G-pr ime  and this implies easily that C is G-pr ime.  In fact, 

more can be said. Suppose I is a nonzero G-invariant  ideal of C. Since G acts as 

a finite group on C it is clear that I contains a nonzero finitely generated 

G-invariant  ideal Z But C is a commutat ive regular ring, so J must be generated 

by an idempotent.  Moreover  C is G-pr ime  so the annihilator of J in C must be 

zero and hence we see that J = C and l = C. In other words, we conclude that C 
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is G-simple.  Finally let M be a maximal ideal of C. Then the finite intersection 

I '~x~6M ~ is a proper  G-invariant  ideal of C which must therefore be zero. This 

implies immediately that C is a finite direct sum of fields and then, since C is 

G-simple,  that G must permute  these summands transitively. 

We can now begin our work on R * G. 

PROPOSITION 5.4. Let R * G be a 

G-prime ring. I f  G~., = (1), then R * 

R * G has nonzero intersection with 

crossed product with G abelian and with R a 

G is a prime ring and every nonzero ideal of 

R. 

PROOF. Let I be a nonzero ideal of R * G and let y be a nonzero element of 

I of minimal support size and with 1 E Supp 3'. Then it is clear that T = Supp 3' 

satisfies the hypothesis of Lemma 1.5, a result which holds equally well for 

infinite groups. We apply this lemma and use its notation. But observe that since 

G is abelian, T is a central subset of G and hence each of the ideals A and B~ 

obtained is nonzero and G-invariant .  Thus the functions fi : A --~ B~ satisfy the 

hypothesis of Lemma 5.1 (iv) with cr = 27 ~ and we conclude that x~ E Gi,, for all 

i. But G~, ,=(1)  so T = { 1 } a n d 0 ~ I A R . T = I A R .  

Finally if I and J are nonzero ideals of R * G, then I N R and J O R are 

nonzero G-invariant  ideals of R so the G-pr imeness  of R yields 0 g  

(I O R )  (J n R )  c IJ. Thus R * G is prime. 

We now further restrict our  attention to the case where G = Z = (x) is infinite 

cyclic. If Z~., = (1), then the preceding result shows that 0 is the unique prime 

ideal of R * Z disjoint from R \{0} and every ideal I ~ 0  meets R nontrivially. 

Thus we need only consider the possibility that Zm, J (1) and of course this 

implies that [Z : Z~n.] < ~. We first consider the structure of E = C ' [ Z i n n ] .  

Observe that if [Z :Z~ ,~  then by Lemma 5.3 (v), C =  

elC @ e2C ~)" �9 �9 0 emC is a finite direct sum of fields F~ = e~C and that these 

summands are permuted transitively by Z. Set e = el, F = F1 and let H be the 

stabilizer of e in Z. Since Z is abelian, H of course stabilizes all the idempotents  

e~. Fur thermore we have Z 3 H 3 Z~,, and since [ Z : H ]  = m we know that 

{1, x , . . . ,  x "-~} is a transversal for H in Z. 

LEMMA 5.5. Suppose that Z~~ ~ (1). Then with the above notation we have 

(i) E = elE @ e2E ~ ) ' .  �9 ~ emE and e,E ~- eE = F[Zi.,], where the latter is 

the ordinary group algebra of Zi, ,  over F. 
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(ii) The maps L--->eL and J--~Y.?-_-o'J ~' yield a one-to-one correspondence 

between the Z-invariant ideals L o[ E and the H-invariant ideals J of F[Z~..]. 

Furthermore, in this way the Z-prime ideals o[ E correspond to the H-prime ideals 

o/F[Zm.] .  

PROOF. Since Z permutes the idempotents  e~ transitively it follows from 

Lemma 5.2 that e,E ~- eE = eC'[Z~..] = F'[Z~..]. Moreover  if Z~.. = (z) and if 

~. C F'[Z~.~ corresponds to z in this twisted group algebra, then F'[Zi~ = 

F [ L  l / f ]  = F[Z~..]. This proves (i) and part (ii) is obvious since e~ = e ~'-' and 

since any ideal L of E satisfies L = E,e,L. 

We now define the appropriate  maps ~ and d as follows. 

DEFINITION. (i) If L is a Z- invar iant  ideal of E, then we set 

L u = L ( S , Z ) A R , Z  

so that L"  is an ideal of R *Z.  

(ii) For any ideal I of R * Z  we set 

IU = {Y E E lAY C I  for some A E .~}. 

Then I d is certainly a Z-invariant  ideal of E. 

We remark that any crossed product of Z is clearly just a skew group ring 

once we make an obvious change of basis. Thus there is really no additional 

generality gained in dealing with crossed products. The following is the main 

result of this section. 

THEOREM 5.6. Let R * Z be a crossed product of the in/inite cyctic group Z over 

the Z-prime ring R and let E = C'[Zi.,] be the centralizer oi" S = Q z ( R )  in 

S * Z,,,. I f  Zi , ,  ~ (1), then the maps d and " yield a one-to-one correspondence 

between the prime ideals P of R * Z with P n R = 0 and the Z-prime ideals of E. 

More precisely 

(i) I f  P is a prime ideal of R * Z with P N R = 0, then pd is a Z-prime ideal of 

E and P = pd.. 

(ii) I f  L is a Z-prime ideal of E, then L ~ is a prime ideal of R * Z with 

L " N R  =0 a n d L = L U U  

PROOF. Since Z~. .~(1) ,  Lemma 5.5 and its notation applies. We now 

proceed as in Section 2. 
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Let L, L1 and L2 be Z-invariant  ideals of E. Observe that eL has an 

F-complement  K in eE and thus L has a C-complement  L ' =  E~ ' - IK ~' in E. 

With this, it follows as in Lemmas  2.2 and 2.3 that L u is R-cancelable  and 

L ~. L ~ C (LIL2) u. Of course the inclusion L C L '~ is trivially true. Fur thermore  if 

L ~  E, then e L ~  eE and we can assume that e E K. Thus 1 = Eg'-~e ~' ~ L '  and 

we conclude that if L ~ E, then L u f3 R = 0. 

Now let I be an ideal of R * Z. The crux of the argument  is to show that 

I C I d~ and this proceeds as in Lemma  2.4 (ii). We know that I du is R-cancelable.  

Furthermore,  when we consider the minimal subset T in that proof, we observe 

that here T is a central subset of the abelian group Z. Therefore  all the ideals A 

and Bi are necessarily Z-invariant  and L e m m a  5.1 (iv) applies to yield the result. 

Now let P be a prime ideal of R * Z with P fq R = 0. Since $: consists of 

Z-invariant  ideals of R, it follows precisely as in the proof of Theorem 2.5 (i) that 

pd is a Z-invariant  prime ideal of E and that P = pdu. 

Finally we study the Z -p r i m e  ideals L of E and here we consider separately 

the cases L ~ 0 and L = 0. Note  that L = 0 is indeed a Z -p r ime  ideal of E by 

Lemma 5.5. Suppose L ~ 0. Then it follows immediately from L e m m a  5.5 that 

E / L  is an Artinian ring and hence that L is in fact a Z-maximal  ideal of E. With 

this observation, the proof of Theorem 2.5 (ii) goes over to show that L u is a 

prime ideal of R * Z with L ~ fq R = 0, that L = L ~ and fur thermore that if 

I ~ L  ~ then I f) R # 0. On the other hand, if L = 0, then certainly L ~ = 0 and 

L = L~U. It remains to show that 0 = L ~ is a prime ideal of R * Z. This is of 

course well known, but a simple argument  is as follows. Suppose I~I2 = 0. Then it 

I~I2 0 and hence I~ = 0 for some j. B u t / ,  0 so / j  = 0 is easy to see that d d = C I ~  = 

and the result follows. 

In addition, we have 

LEMMA 5.7. Let P be a nonzero prime ideal o[ R * Z where R is Z-prime. I[ 

I~P,  then ! fq R ~ O. 

PROOF. We may clearly assume that P fq R = 0 and therefore, by Proposition 

5.4, that Zi,,  g (1). Now we know that P = LU with L a nonzero Z-p r ime  ideal 

of E and thus, as we showed in the course of the preceding proof, I~LU = p 

implies that I fq R ~ 0. 

We can now obtain our infinite analog of Theorem 1.2. As is well known, in 

this situation, ordinary incomparability does not hold. 
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THEOREM 5.8. Let R * G be a crossed product where G is a group with a cyclic 

subgroup of finite index. Suppose P ~ P 2 ~ I  are three ideals of R * G with P~ and ,~ 

prime. Then 

P I O R ~  I OR.  

PROOF. If I O R is not a G-prime ideal of R, then certainly P~ O R / I  n R. 

Thus we may assume that I O R is G-prime. Now let P3 be an ideal of R * G 

maximal with respect to the property that P3D I and P3 O R = I O R. The 

assumption on I n R implies immediately that P3 is prime. Since P3 D I~P2 and 

P3 O R = I n R, we can now assume without loss of generality that I = P3 is a 

prime ideal. 

In view of Theorem 1.2, we may clearly also assume that G is infinite. Then it 

follows easily that G has a normal infinite cyclic subgroup Z of finite index. 

Observe that R * G = (R * Z )  * (~, where the latter is a suitable crossed product 

of the finite group t~ -- G / Z  over the ring R * Z. Therefore,  by Theorem 1.2, we 

know at least that 

P1 O R * Z ~ P 2 N  R * Z ~ P 3 A  R . Z. 

Furthermore, each of these intersections is surely a t~-prime ideal of R * Z. 

Now for each s E t~ = G / Z  let us choose a fixed coset representative x U G. 

With this notation, since (R * Z)/(P~ O R * Z )  is a G-prime ring, it follows from 

Lemma 3.1 (i) that there exists a prime ideal Q~ of R * Z with 

P, n R , Z =  n O~. 
iEC3 

Observe that QaD n Og and hence Q3D I~)~ for some ~ ~ (~. Thus by 

relabeling, if necessary, we can assume that Q3 D Q2. Furthermore,  we cannot 

have Q3 = Q2 here since this would yield 

P3OR , Z  = N Q J =  N Q g =  P 2 A R  , Z ,  

a contradiction. Thus Q3~Q2 and similarly, by relabeling if necessary, we can 

assume that Q2~Q1. 

Let A = Q I O R .  Then R / A  is a Z-pr ime ring and we have 

Q3/A * Z~Q~/A  * Z ~ O in the crossed product ( R / A  )* Z = (R * Z ) / (A  * Z).  

Thus we conclude from Lemma 5.7 that (Q3/A * Z )  n ( R / A )  ~ 0 or equivalently 

that Q3 n R ~ A  = Q~ o R. Suppose that Q3 n R D (Q3 n R)~ for some .~ ~ C,. 

Then by applying i, to the above inclusion, we deduce that (Q~A R ) ~ ' D  

(Q3A R)  i~*' for all k _->0. But 0 is finite, so s  = 1 for some m _-> 1, and hence 
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(Q3 n R)  ~m = Q3 n R. We conclude from this that we have equality throughout 

and in particular that Q3 n R = (Q3 O R)  t. Thus since Q3 n R~QI  n R, we see 

that Q1 n R21 (Q3O R)  ~ for all s E t~. But Q~ n R is a Z-pr ime ideal of R and 

each (Q3 o R)  ~ is Z-invariant.  Thus we see that Q~ N R 21 n ~ a  (Q3 n R)  ~. 

Finally observe that 

P~nR = (P~nR ,Z)nR 

- -  n (O3nR) 
~EI~ 

and similarly 

P, N R =  n (QINR)~CO~NR.  

Thus the result of the preceding paragraph shows that P1 n R 21 P3 O R. Hence 

P1 O R J P3 O R and the theorem is proved. 

This completes our work on crossed products. We close this paper with a brief 

comment on skew polynomial rings. Let R [x ; tr] be a skew polynomial ring with 

o- an automorphism of R. Then we can certainly embed this ring, in a natural 

manner, in the skew group algebra R(x). Furthermore,  if P is a prime ideal of 

R [x ; tr] with x ~ P, then it is fairly easy to see that t3 = R (x) .  P is a two sided 

ideal of R(x) which is prime and satisfies t5 n R [ x ;  o-] = P. Since the work of 

this section yields information on the structure of /5, it now also yields 

information on the structure of P. In particular, we can use this idea to obtain an 

incomparability result for skew polynomial rings analogous to Theorem 5.8. We 

remark however that this incomparability theorem is due to Bergman, who 

offers a direct computational proof which is, at present, unpublished. 

Added in Proof. In a recent paper on group rings of polycyclic-by-finite 

groups, we have observed that the u map on the appropriate primes can be 

alternately characterized as the induced ideal map. Furthermore,  we have since 

realized that a considerable simplification in the work of Section 3 can be 

achieved by dealing directly with the latter map. Indeed, the unpleasant 

computations of Lemmas 2.8, 3.5 and 3.8 can all be eliminated in this manner. 

We plan to exhibit such an alternate proof in an addendum to this paper. 
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