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PRIME IDEALS IN CROSSED PRODUCTS
OF FINITE GROUPS

BY
MARTIN LORENZ AND D. S. PASSMAN

ABSTRACT

Let R * G be a crossed product of the finite group G over the ring R. In this
paper we discuss the relationship between the prime ideals of R * G and the
G-prime ideals of R. In particular, we show that Incomparability and Going
Down hold in this situation. In the course of the proof, we actually completely
describe all the prime ideals £ of R * G such that PN R is a fixed G-prime
ideal of R. As an application, we prove that if G is a finite group of
automorphisms of R, then the prime (primitive) ranks of R and of the fixed ring
R° are equal provided |G|' € R. In an appendix, we extend some of these
results to crossed products of the infinite cyclic group.

§1. Introduction

Let G be a multiplicative group and let R be a ring with 1. Then a crossed
product R * G of G over R is an associative ring containing for each x € G an
element ¥ € R * G. The set {¥ |x € G} is a basis of R * G as a left R-module
and hence every element « € R * G can be uniquely written as a finite sum

a=2rxi

xEG

with r, € R. The addition in R * G is the obvious one and the multiplication is
given by the formulas

%5 = t(x, y)xy,

rx = xr*

for all x,y € G and r € R. Here t : G X G— U is a map from G X G to the
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group of units U of R and, for fixed x € G, the map *:r—r* is an
automorphism of R.

It is an easy exercise to determine the relations on ¢ and the automorphisms *
which make R * G associative. The ring R * G has an identity element namely
1=1¢(1,1)"'1 and hence without loss of generality we will assume throughout that
1=1. Moreover each % is invertible, and in fact

G={ux|lueU xeG}

is a multiplicative group of units in R # G which acts on R by conjugation when
we view R as a subring of R * G via the embedding r — r1. Thus U is a normal
subgroup of & with &/U = G. Observe that conjugation by U stabilizes the
ideals of R and thus there is a well defined action of G = &/U on the set of
these ideals. We say that the G-invariant ideal A of R is G-prime if and only if
B:-B,CA for G-invariant ideals B; of R implies that B,CA or B,CA.

In this paper we investigate the relationship between prime ideals of R * G
and G-prime ideals of R. For the most part, we will assume that G is finite.
Indeed only in Section 5, an appendix to this paper, will G be allowed to be
infinite. A simple relationship between the above two classes of ideals is as
follows.

Lemma 1.1. IfPisaprimeideal of R * G, then P N\ R is a G-prime ideal of R.
Conversely, if A is a G-prime ideal of R, then there exists at least one prime ideal P
of R * G such that PN R = A.

Proor. Observe that if I is an ideal of R * G, then since I is G -invariant so is
INR. Conversely, if A is a G-invariant ideal of R, then we have easily
A (R*G)=(R*G)-AsoA*xG=A-(R*G)isatwosided ideal of R * G
with (A *G)NR = A.

If P is a prime ideal of R * G, then P N R is at least G-invariant. Suppose A
and B are G-invariant ideals of R with AB CP N R. Then

(A*G)(B*G)=(R*G)AB(R*G)C(R*G)(PNR)(R*G)CP

so the primeness of P yields A*G CP or BxG CP. Hence ACPNR or
BCPNR and PN R is G-prime.

Conversely let A be a G-prime ideal of R and observe that A * G is an ideal
of R * G with (A *G)N R = A. Hence by Zorn’s lemma we can choose P an
ideal of R * G maximal with respect to PN R = A. If I,J are ideals of R*G
properly larger than P, then IN R and JN R are G-invariant ideals of R
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properly larger than A. Since A is G-prime this yields(INR)(JN R)Z A and
hence IJZ P. Thus P is prime.

The main questions we are interested in are the following:

Incomparability. 1If PGP, are prime ideals of R * G, does it follow that
P.,NREP,NR?

Going Down. Given G-primes A; CA; of R and a prime P, of R * G with
P,N R = A,. Does there exist a prime P, of R*G satisfying P,CP, and
PNR=A"?

We remark that the answer to both of these questions is well-known to be
positive in case R is (right or left) noetherian. The main task of this paper is to
show that this is still true for any ring R. In a later paper, we will settle the Going
Up problem. It is easy to see that for Incomparability the primeness of the larger
ideal P, is unnecessary. Indeed we shall prove in Section 3 that

THEOREM 1.2. Let P CI be ideals of R * G with G finite. If P is prime and
P#I then PNR#INR.

Of course in dealing with this we may factor out the ideal (PN R)* G of
R * G and thus reduce to the case P N R = 0 which makes R a G-prime ring. In
the same way, the Going Down problem can also be reduced to the case of a
G-prime coefficient ring R, since A, is G-prime and (R*G)/(A,*G)=
(R/A1)* G. For such rings we have the following result, which is also proved in
Section 3.

THEOREM 1.3. Let R * G be given with G finite and with R a G -prime ring.

(i) A prime ideal P of R * G is minimal if and only if PN R =0.

(i) There are finitely many such minimal primes, say P, P,, - -, P., and in fact
n=|G|.

(ili) J=P,NP,N --- NP, is the unique largest nilpotent ideal of R * G and
Je=0.

Observe that if P is any prime ideal of R * G, as above, then P surely contains
the nilpotent ideal P,N P,N --- N P, and hence P D P. for some i. Thus P
contains a prime ideal P; with P, N R = 0 and this is precisely the solution to the
Going Down problem.
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In proving these results we require two different types of reductions. Section 2
deals with the case when R is prime. Here we set up a one-to-one correspon-
dence between the prime ideals of R * G satisfying P N R = 0 and the G-prime
ideals of a certain finite dimensional algebra E. E is in fact isomorphic to a
twisted group algebra C‘[Gin.] where the field C is the extended centroid of R
and Gi., is a particular normal subgroup of G. In Section 3 we reduce the
G-prime case to the case of R being prime by passing from R*G to R *H
where H is the subgroup of G stabilizing a minimal prime Q of R.

Section 4 is devoted to some applications of this material to rings with finite
group actions. If G is a finite group acting as automorphisms on a ring R, then
one can form the skew group ring RG. This is just the special case of a crossed
product R * G where t(x,y)=1for all x, y € G and where the automorphisms *
are given by the action of G on R. We use RG to study the relationship between
R and the subring R® consisting of the elements of R that are fixed under G.
The above results on crossed products then apply to yield

THEOREM 1.4. Assume |G| € R. Then the prime rank of R is equal to the
prime rank of R © and the primitive rank of R is equal to the primitive rank of R °.

Recall that for any ring R, the prime rank is the largest integer n such that R
has a chain of prime ideals Po&P,& - - - £ P.. If no such maximum exists, then, of
course, R has infinite prime rank. The primitive rank is defined analogously
using primitive ideals instead of primes. Theorem 1.4 generalizes a result of the
first named author [6, theorem 2.7] and a result of Fisher and Osterburg [3,
proposition 3.4].

In an appendix to this paper (Section 5) we extend some of these results to
infinite groups. In particular we show that an analog of Theorem 1.2 holds for
groups which have an infinite cyclic subgroup of finite index.

We close this section with a lemma which extends [9, lemma 4]. If T is a subset
of G, we let R * T denote the set of elements of R * G with support in T.

LEmMMA 1.5. Let I be a nonzero left and right R-submodule of R * G and let
T ={x;, X2, * -, X.} be a subset of G with x,=1. We suppose that INR *T#0
and INR*T'=0 for all T'ST. For each i =1,2,---, n let B; be defined by

B, ={r € R|thereexists B = D, r%; € Iwithr = r.}.

Then
(i) Each B, is a nonzero ideal of R.
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(ii) If A = B,, then for each i there exists a natural bijection f, : A — B, which is
additive and satisfies (rat)f; = r(af. )t for allr,t € R and a € A. Here f, is the
identity map.

(iii) The elements of I N R + T are precisely the elements of the form

a=3 (af)s

with a € A.

Proor. Since [ is a left and right R-submodule of R * G, it is clear that each
B; is a two sided ideal of R. Furthermore, the minimality of T implies that each
B; is nonzero. Observe also that for each b; € B;, the minimality of T implies
that there exists a unique 8 = [ rX; € I with r, = b. Indeed if 8 and B’ are two
such elements, then B —B'& I is an element of smaller support and hence
B-B'=0.

Let A = B,. Then for each a € A there exists a unique a = 2 bX; € I with
b, = a. We can then define f; : A — B; by setting af; = b; and we see immediately
that

o= i (af)x.

Conversely it is clear that every element of I "R * T is of this form. Further-
more, each f; is clearly an additive bijection. Finally let a € A and «a be as above
and let r,t € R. Then

n

rat = 2 rb;ti‘_l)'c',- & I

1
and since x, = 1, this implies that
(rat)fi = rbit*" = r(af)t*".

The lemma is proved.

§2. Prime coefficient rings

In this section G will always denote a finite group and R will be a prime ring
(with 1).

We begin by briefly discussing a certain ring of quotients S = Q,(R) which is
defined in [7] essentially as follows. Consider the set of all left R-module
homomorphisms f : kA — <R where A ranges over all nonzero two sided ideals
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of R. Two such functions are said to be equivalent if they agree on their common
domain, which is a nonzero ideal since R is prime. It is easy to check that this
defines an equivalence relation (see [7] or [8]). We let f denote the equivalence
class of f and we let § = Qy(R) be the set of all such equivalence classes.

The arithmetic in S is defined in the following manner. Suppose f: kA — zR
and g : B — xR. Then f + g is the class of f + g :r(A NB)— R and fg is the
class of the composite function fg : R(BA)— zR. It is easy to see that these
definitions make sense and that they respect the equivalence relation. Further-
more the ring axioms are surely satisfied so S is in fact a ring with 1. Finally let
a, : kR — grR denote right multiplication by a € R. Then the map a — 4, is
easily seen to be a ring homomorphism from R into S. Moreover, if a # 0, then
Ra, # 0 and hence 4, # 0. We conclude therefore that R is embedded isomorphi-
cally in S and hence we will view R as a subring of S with the same 1.

The first two parts of the following lemma are contained in [7] as well as in [8].
Part (iii) is due to Kharchenko in [5]. We include them for the sake of
completeness.

Lemma 2.1. Let S = Qu(R) be as above.

(i) If s€ S and As =0 for some nonzero ideal A of R, then s = 0.

(i) If 51,82+, 8. €S, then there exists a nonzero ideal A of R with
As;, As,, -+, As, CR.

(iii) Let o be an automorphism of R and let A and B be nonzero ideals of R.
Suppose that f: A — B is an additive bijection which satisfies

(rat)f = r(af)t”

forallr,t €ER and a € A. Then s = fis a unit in S, conjugation by s induces the
automorphism o on R and af = as for all a € A.

ProoF. Suppose g : kB — xR and b € B. Then b,g is defined on xR and for
all r € R we have

r(b.g)=(rb)g = r(bg) = r(bg),

Hence b,g = (I;g\)p and the map g translates in S to right multiplication by §.

(i) Let s € S with As = 0. If s = g, then the above shows that g vanishes on an
ideal in its domain and hence s = ¢ =0.

(ii) Let s, Sz, -+, 5, €S with s, = §. Then we can surely assume that all g; are
defined on the common domain A, since R is prime. From this we have
As; = Ag, CR for all i,
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(iti) Since f is a bijection, there exists a back map g : B — A which is also an
additive bijection. Furthermore (rbt)g = r(bg)t°™ for all r,t ER and b € B.
Observe that f and g are left R-module homomorphisms so s = f and § are
elements of S. Moreover, since fg is the identity map on A and gf is the identity
on B, we conclude that § =s7".

Let r € R. Then gr.f is defined on B and for all b € B we have
b(gr.f) = (bg)r - f = (br)gf = br® = bry.

Hence gr.f = r¢ and this translates in S to yield s'rs = r° for all r € R. Finally
since s = f we have af = as for all a € A.

It can be shown that any automorphism of R extends uniquely to an
automorphism of S. In particular the automorphisms * of R given by the crossed
product R * G can be so extended and we denote the resulting automorphisms
of S by the same symbol. This observation allows us to extend R*G to a
crossed product S * G. Details can be found in [8, lemmas 2.1 and 2.3). For the
remainder of this section the following notation will be fixed.

Notation. R * G will be viewed as a subring of S * G. The center of S will
be denoted by C and E will denote the centralizer of S in S * G. C is usually
called the extended centroid of R.

An automorphism ¢ of R is said to be X-inner if and only if it is induced by
conjugation by a unit of § = Q,(R). In other words, these automorphisms arise
from those units s € S with s 'Rs = R. It is easily seen that the set of all X-inner
automorphisms of R is in fact a normal subgroup of the group of all automorph-
isms of R (see [5]). Recall that & = {ux|u € U, x € G} acts on R and the
elements of U surely act as X-inner automorphisms. Thus since /U = G we
see that

G = {x € G |” is an X-inner automorphism of R}

is a normal subgroup of G. The group & also acts on S and on S * G and hence
acts on E. But U clearly acts trivially on E, since E centralizes R, and so in fact
G acts on E. The next lemma contains the necessary information about C and E.

Lemma 2.2. Let C and E be as above. Then

(i) Cisa field.

(i) E is a finite dimensional C-algebra. In fact E = C'[G..], some twisted
group algebra of Gi.. over C.
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(lll) S #*Gin=S ®cE.

(iv) If L is a G-invariant ideal of E, then L(S * G)= (S * G)L is an ideal of
S * G. Moreover, (S * G)L considered as a left S-submodule of S * G is a direct
summand of S * G. Furthermore, (S * G)L N (S * Gi.,) = SL and if L# E then
$*G)LNS=0.

Proor. Assertions (i), (ii), (iii) are proved in [8, lemmas 2.1 and 2.3]. For part
(iv) let L be a G-invariant ideal of E. Then by definition of E we have LS = SL
and the G-invariance gives LX = XL for all x € G. Thus we see that L(S *G) =
(S*G)L is an ideal of S *G.

Let Y be a transversal for Gi.. in G and let L' be a C-complement for L in E.
The latter surely exists since C is a field. Then by (iii) we have S * G, =
SL @ SL’ and hence clearly

SxG=> SLy@® D, SL'y.
yYEY yYEY
Moreover since L is G-invariant
(§*G)L = (S*Gum)Lyj = D, SLy
yEY

yYEY

and we conclude that (S * G)L is an S-direct summand of S * G. Furthermore,
2,evSLy is surely a direct sum and hence we have (S * G)L N (S * Gi..) = SL.
Finally, if L # E, then we can choose L’ above to contain the identity element 1.
This then implies that 2,c+SL'y contains S and hence (S*G)L NS =0.

As we have already remarked in the introduction, we handle the case of prime
coefficient rings by setting up a one-to-one correspondence between the prime
ideals of R * G satisfying P N R = 0 and the G-prime ideals of E. The following
definition describes this association more generally.

DerintTion. (i) If L is a G-invariant ideal of E, then we set

L*=L(S*G)NR=*G

so that L* is an ideal of R * G, by Lemma 2.2 (iv).
(ii) For any ideal I of R * G we set

[* ={y € E| Ay CI for some nonzero ideal A of R}.

I is easily seen to be a G-invariant ideal of E. Indeed suppose y,, y.€ I
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with A,y,, Ay, CI and let § € E. By Lemma 2.1 (ii) there exists a nonzero ideal
B of R with B8 CR * G. Hence since y,, y: and 8 commute with R we have

(A1 N Az) (’yl + ’y2) CI,
A.B(v:8)=(Av,)(B8)CI
and

BA(8y,) = (B8)(A;y,)CL

Thus y, + vz, v16, 8y: € I so I is an ideal of E which is clearly G -invariant.

We point out that the definition of the ideal I is already implicit in work of
Fisher and Montgomery [2]. Clearly the maps * and ¢ are monotone. We next
observe two elementary facts concerning the ideals L*“ For this we need the
following

DeriniTiON.  Let I be an ideal of R * G. We say that I is R-cancelable if and
only if for any « € R * G and any nonzero G-invariant ideal A of R, Aa CI
implies that « € L

It is clear that any prime ideal of R * G satisfying P N R =0 is R-cancelable.
Part (i) of the following lemma offers other examples of R -cancelable ideals that
will become important later on.

Lemma 23. Let L, L, and L, be G-invariant ideals of E. Then
(i) L* is R-cancelable.

ProoF. (i) Suppose Aa CL* where «a € R*G and A is a nonzero G-
invariant ideal of R. Then, by definition of L* it follows that Aa C(S * G)L.
Now by Lemma 2.2 (iv) we know that (S*G)L is a left S-module direct
summand of S *G s0 S * G = (S * G)L €D K for some S-submodule K of § * G.
Writing @ = a;+ a; with a; €E(S *G)L, a, € K we see that

Ala~a))= A, E(S*G)LNK =0.

Hence Lemma 2.1 (i) implies that « = a, and so a E(S*G)LNR*G =L*
Thus L* is in fact R-cancelable.
(i) By Lemma 2.2 (iv) we have (S*G)L,=L(S*G) and thus
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LY-L;CL(S*G)LAS*G)=L,L,(S*G). Moreover L{-L;CR*G so
L;“L;CLle(S * G)ﬂ R * G = (L]Lz)u.

The next lemma is the crux of our argument.

LEmMA 2.4. With the above notation we have
(i) For any G-invariant ideal L of E we have L = L*.
(i) If I is an ideal of R * G, then I CI*

Proor. (i) If y € L, then by Lemma 2.1 (ii) there exists a nonzero ideal B of
R with ByCR *G. Then By CL(S*G)NR*G =L"* and so y € L*. Thus
L CL*“. Conversely, if y € L*, then Ay CL* for some nonzero ideal A of R.
Thus

Ay C(S*G)L N (S * Gumn) = SL,

by Lemma 2.2 (iv). Let L' be a C-complement for L in E and write y = y,+ v,
with y, € L and y.€ L'. Then A(y = y,) = Ay, € SL N SL’' =0 and Lemma 2.1
(i) implies that y = y, € L.

(i) Let « € I We show that a € I by induction on [Supp a|, the case
|Supp @ | = 0 being trivial. Thus suppose a is nonzero and that the result is
known for all elements y € I of smaller support size. Choose T CSuppa
minimal with respect to the property that INR*T#0. If y €T, then
Suppay '=(Suppa)y "D Ty ™', Ty ! also has this minimal property and 1€
Ty . Since it clearly suffices to show that ay ' € I*“, we can replace a« by aj ™
and T by Ty’ and hence we can assume that 1€ T,

If T={x;=1,x;-,x,}, then Lemma 1.5 applies and we use its notation. In
particular there exist nonzero ideals A = By, B,,---, B, of R and additive
bijections f; : A — B; satisfying

(rat)f. = r(af)t*"

for all a€ A and r,t€R. Thus by Lemma 2.1 (iii) there exist units

S1, §2,*  +, 8« € S such that conjugation by s, induces the automorphism ;' on R
and af; = as; for all a € A. Moreover since f, is the identity function we have
S = f] = 1.

Let B = 3 5% € S *G. Since conjugation by s, induces the automorphism ;"
on R we see that 5% centralizes R. But s then yields an automorphism of §
acting trivially on R and, by the uniqueness of extension of automorphisms from
R to S, we conclude that s.x; must centralize S. Thus siX; € E, the centralizer of $
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in $*G, and B € E. Furthermore, since af; = as; for a € A, it follows from
Lemma 1.5 (iii) that for all a € A

aB = 4: asif,- = 2 af,'f.' el

Hence, by definition, we have g € I“.
Let r = tr a be the identity coefficient of @ and let a € A. Define

v = aa — afir.

Since Supp B = T CSuppa, 1E T and 5, =1, we see that |Supp v |<|Supp a|.
Moreover, y € I since aB € I, so by induction we have y € I*“. Now 8 € I* and
aBr € R *G so aPr € I and hence we conclude that aa € I** for all a € A.
Thus if D =(),ccA% then D is a nonzero G-invariant ideal of R with
Da CI*. Since I** is R-cancelable, by Lemma 2.3 (i), we deduce from this that
a € I*. The result follows by induction.

We now come to the main theorem of this section. We will prove it
simultaneously with Lemma 2.6 which is of course a special case of Theorem 1.2.

THEOREM 2.5. Let R * G be a crossed product of the finite group G over the
prime ring R and let E = C'[Gi.q] be the centralizer of S = Qi(R) in S * G. Then
the maps “ and * yield a one-to-one correspondence between the prime ideals P of
R *#G with PN R =0 and the G-prime ideals of E. More precisely :

(i) IfPisaprimeideal of R * G with P N R =0, then P* is a G -prime ideal of
E and P = P*,

(ii) If L is a G-prime ideal of E, then L* is a prime ideal of R * G with
L*NR=0and L =L".

LeMma 2.6. Let R * G be given with R prime. If P is a prime ideal of R * G
with PN R =0 and if I is an ideal of R * G properly containing P, then | N R # 0.

Proor. (i) Let P be a prime ideal of R * G with P N R = 0. We first show
that P = P*. By Lemma 2.4 (ii) we have at least P C P*. Now let « € P*. Then
«a ER*G and a E(S*G)P? so a =278, with B, €S *G and & € P°. By
definition of P? there exist nonzero ideals D; of R with D;§; = 8,D; CP. Thus
setting D = [, e ;-1 D, we see that D is a nonzero G-invariant ideal of the
prime ring R with 8D CP for all i. Furthermore, by Lemma 2.1 (ii) there exists a
nonzero ideal B of R such that B8, CR # G for all i and by the above argument
we can also assume that B is G-invariant. Thus
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(B*G)a(D*G)=(R*G)BaD(R *G)
C> (R*G)BB; - 6D(R *G)

CP.

Now P is prime and P does not contain either B #G or D * G since PN R =0.
Hence we deduce that « € P. Since a was arbitrary we obtain the reverse
inclusion P D P* and have shown that P = P%,

Now suppose that M, and M, are G-invariant ideals of E with M;M,C P“.
Then by Lemma 2.3 (i), MiM% C(M,M,)* C P* = P. Since P is prime this yields
M C P for some i and Lemma 2.4 (i) implies that M; = M“C P“. Thus P is
G-prime.

(ii) Let L be a G-prime ideal of E. Then since E is a finite dimensional
algebra over the field C we see that L is in fact G-maximal. Moreover it follows
immediately from Lemma 2.2 (iv) that L* N R = 0 and by Lemma 2.4 (i) we have
L=L%"

Now suppose I is any ideal of R * G properly containing L* Then I D L* =
L. But I‘# L since otherwise we would have, by Lemma 2.4 (i), I CI* = L*
Thus the G-maximality of L implies that I* = E and hence I " R# 0.

We conclude from this that L* is prime. Indeed if I,, L2L" then N R#0
and LNR#0so 0#(ILLNR)(I.NR)CLLNR. Since L* N R =0, this yields
LL,ZL* and Theorem 2.5 is proved.

Finally we prove Lemma 2.6. By (i) above any prime P with PN R =0 is of
the form L* for the G-prime ideal L = P%. Hence as we have just shown, if
I2P =L" then INR#0.

As a corollary we now offer the special case of Theorem 1.3 with R prime.

LeEMMA 2.7. Let R * G be given with G finite and with R prime.

(i) A prime ideal P of R * G is minimal if and only if PN R =0.

(it) There are finitely many such minimal primes, say P\, P,,- - -, P, and in fact
n=|Gm|=|G|.

(iii) J = P,NP,N .- N P,is the unique largest nilpotent ideal of R * G. In fact
J = (rad E)*, where rad E is the Jacobson radical of E, and J'°~'= (.

Proor. Let Ly, L,,---, L, be all the G-prime ideals of E. Then clearly

n § dimcc'[Ginn] = ’Ginn

=|G|
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andalso L,NL,N --- N L, =radE, the Jacobson radical of E. If P, = L} then
by Theorem 2.5 we know that Py, P, - - -, P, are the unique prime ideals of R * G
which are disjoint from R\{0}.

SetJ=P,NP,N--- NP, ThenJ CLYsoJ* CL“= L, by Theorem 2.5, and
hence

JicL,NL,Nn---NL,=radE.

Lemma 2.4 (ii) now yields J CJ* C(rad E)* and we conclude immediately from
Lemma 2.3 (ii) and the nilpotence of rad E that (rad E)* and J are nilpotent. On
the other hand, each P; certainly contains all nilpotent ideals of R * G, so
J=P,NP,N --- NP, contains (rad E)* and J = (rad E)" is clearly the largest
nilpotent ideal of R * G. Furthermore, since (rad E )/~ = 0, we have J'%/ = 0,

Finally, if P is any prime ideal of R * G then, since J is nilpotent, PD J =
P.NP,N --- NP, and hence P 3 P; for some i. Thus the minimal primes of
R * G are the minimal members of the set {P,, P,,- -+, P,}. But observe that
P, D P, implies that L, = P{D P} = L, and hence, since L; is G-maximal, we
must have i = j. This shows that Py, P,, - - -, P, are precisely the minimal primes
of R *G and the result follows.

We close this section with a technical lemma which will be needed to prove
Theorem 1.3.

LemMa 2.8. LetJ=P,NP,N --- N P,beasinthe preceding lemma. Then

(i) There exists a sequence J = I, J,, - - - of R-cancelable ideals in R * G such
that JJ; CJi.y and J =0 for some k = |G-

(ii) Let a1, az, -+, @ be elements of J and let A be a nonzero ideal of R. Then
there exists a nonzero G-invariant ideal B of R such that Ba; CJA for all i.

Proor. Set L =rad E so we know that L is nilpotent and, by Lemma 2.7
(iii), that J=L*.

(i) Set J; = (L*)". Then the ideals J; are R-cancelable, by Lemma 2.3 (i), and
JI;=L*(L")* C(LL")* = (L"")" = J.x, by Lemma 2.3 (ii). Moreover, since L* =
0 for some k =|Gia.|, it follows that J, = 0.

(ii) Let y=Bsg €S*G with BEL, s€ S and g € G. We show first that
there exists a nonzero G-invariant ideal D of R such that Dy CJA. By Lemma
2.1 (ii) we can choose nonzero ideals D, and D, of R with D\ C(R*G)N
(S *G)L = L* and D,s CR and by taking the intersections of the G-conjugates
of these ideals we may even assume that D, and D, are G-invariant. By the same
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device we can find a nonzero G-invariant ideal D; of R with D;C A. Now let
D = D,D.D,. Then since 8 commutes with R and D5 is G-invariant we have

D‘y = (DIB)D3(D-_;S)§ CLuD;;Rg- = Lug-Dg CJA.

Finally, if @i, @, -, a, are elements of J = L* then each «: is contained in
L(S * G) and hence can be written as a finite sum a; = 2;y; where v; = Bys;8y
and B; €L, s; €S, g; € G. As above, we can find nonzero G-invariant ideals Dy
of R with Dy, CJA. Thus the finite intersection B = [, D is an ideal which
satisfies the requirements of the lemma.

§3. G-prime coefficient rings

This section contains the proofs of Theorems 1.2 and 1.3. Throughout, G will
denote a finite group and R * G will be a crossed product of G over R. Then
there is a well defined action of G on the ideals of R and we will assume that R
is a G-prime ring. Recall that this means, by definition, that the product of any
two nonzero G-invariant ideals of R is nonzero. Certainly, this condition is
satisfied if there exists a prime Q in R such that MN,.ccQ* =0.For,if A,and A,
are G-invariant ideals of R with A;A, =0, then A;A,CQ and so A, CQ for
some i. Using the G-invariance of A; we deduce that A; C(),ccQ* and hence
A; = 0. Part (i) of the following lemma shows that, conversely, in any G-prime
ring R one can find such a prime Q.

We remark on a simple property of semiprime rings. Suppose R is semiprime
and let A and B be ideals of R with AB =0. Then (BA)Y’=0so BA =0. In
view of this, left and right annihilators of ideals are equal and we will just use the
notation ‘“‘ann”.

LemMa 3.1. Let R * G be given and assume that R is G-prime. Then

(i) R contains a prime ideal Q with ,ccQ* =0. In particular, R is
semiprime.

(i) Any prime of R contains a conjugate QF of Q and so {Q* |x € G} are
precisely the minimal primes of R.

(iii) Let H denote the stabilizer of Q in G and let N=ann Q. Then H is a
subgroup of G,

N=MN Q*#0

xZH

and
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0= NN* = N*N = NiN

for all x € G\H.

Proor. (i) Since G is finite, an easy application of Zorn’s lemma shows that
there exists an ideal Q of R maximal with respect to the property that
M,ccQ* =0. Now suppose A, and A, are ideals of R containing Q with
A1A;CQ and set B, = ,.cA% Then B, and B, are G-invariant and since
B,B,CA,A, we have

B.B;C ch (A1A) C XQG Q*=0.
Since R is G-prime, we conclude that B; = ( for some i and then the maximality
of Q implies that A, = Q. Thus Q is a prime ideal of R.

(i) Any prime ideal of R certainly contains (,ccQ® =0 and consequently
contains some Q7 since G is finite. Furthermore, there are no inclusion relations
between the primes {Q* | x € G}. For, if QZQF, then QGQ* forall n =1, so
by taking n = |G| we obtain the contradiction QZQ.

(iii) If N denotes the annihilator of Q, then NQ = 0 yields NQ C Q* for all
x € G. Thus if x € G\H we deduce from (ii) that N CQ* and we have shown
that N CM),.» Q" Conversely since

(n,e*)ecn o =0
xZH x€G

we have N = ann Q D [, ., Q* and therefore equality occurs. We remark that
it H = G, then by definition N = [,.,Q* = R. In any case, by (ii) above we
have Q2 N and hence N# 0. Finally suppose x& H. Then clearly NCQ* ' =
Q"' so N*CQ and we have NN* CNQ =0. Similarly N*N =0 and also
0= xN*N = NxzN.

The notation of the preceding lemma will be kept throughout this section.

Noration. Q will denote a minimal prime of the G-prime ring R, N will be
its annihilator in R and H will denote the stabilizer of Q in G. Moreover, we set
M =3..6N* so that M is a nonzero G-invariant ideal of R.

LemMa 3.2. Let N and Q be as above.
(i) NNQ =0 and if A is any nonzero ideal of R with A CN, then ann A =
Q.
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(ii) Suppose o is an automorphism of R and f : A — B is an additive bijection
satisfying
(rat)f = r(af)t°
forallr,t ER and a € A. If A, B are nonzero ideals of R contained in N, then
Q°=0Q.

Proor. (i) By Lemma 3.1 (i), (iii) we have N N Q =0 and NQ = 0. Thus if
A CN then Q Cann A. Conversely, suppose AB=0.1f A#0then AZQ by
the above and hence AB =0CQ implies that B CQ. Thus Q = ann A.

(ii) Let f and o be given. Then AQ =0 yields

0=(AQ)f = (Af)Q° = BO".

Thus Q7 Cann B = Q. On the other hand, since BQ = 0 and f is one-to-one,
0=BQ = (Af)Q = (AQ"")f

yields AQ°™ = 0. Thus Q°"'Cann A = Q so Q CQ° and we deduce that Q is

o-invariant.

Note that Q * H is a two sided ideal of R * H. Roughly speaking, our method
in this section is to pass from R * G to (R*H)/(Q * H)= (R/Q)* H and thus
reduce the general problem to the case of prime coefficient rings where the
results of Section 2 can be applied. The following definition introduces the
necessary machinery.

DEerFNtTION. (i) For any ideal L of R * H we set

L"={a € R *G|Ma CGNLG}.

Since M is G-invariant, L" is clearly an ideal of R * G.
(i) If I is an ideal of R * G, then we set

I’={a €R+H|NaCI}.

Since N = ann Q is H-invariant, I° is an ideal of R * H. Moreover N(Q * H) =
0CI shows that I° D Q * H.

Obviously, the maps * and ® are monotone, as are the maps “ and * used in
Section 2. In fact, as we will see, the maps * and ® behave similarly to “ and ¢ in
many other respects. Indeed the following two lemmas are the analogs of
Lemmas 2.3 and 2.4.
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Lemma 3.3. If L, L, and L, are ideals of R * H, then
(i) NLGN CNL.
(i) LYML3 C(L.L.)".

Proor. (i) Observe that NL C(R * H)N since N is H-invariant. Therefore,
for any x € G\H we have

NLZN C(R * H)NiN =0,

where the latter equality follows from Lemma 3.1 (iii). Consequently, NLGN =
NLHN CNL.
(i) Clearly,

M(LML3%) = (ML})(ML3)C(GNL,G)(GNL,G)= G(NL,GN)L,G,

by definition of L!, and hence by part (i), M(LYML5)C GNL,L,G. Thus
LiML;C(L,L,)".

Lemma 3.4. With the above notation we have

(i) Let L be an ideal of R *H. Then L CL™.

(ii) If I is an ideal of R * G, then MI® C 1. More importantly, there exists a
nonzero G-invariant ideal E of R with

EI c GNI°G CI*.

Proor. (i) By  definition, L*”={a€R*H|NaCL"}.  Since
NL CGNLG CL", we see that L CL™.

(i) Set L = I°. Then, by definition of ° and *, we have NL CI and hence
MI* = ML"CGNLG CIL.

We now wish to obtain a reverse inclusion relating I and I*". Suppose first that
NI =0. Then since I is G-invariant we have

MI=(ENHI=0CI®

and the result follows. Thus we may assume that NI# 0. Observe that NI is a
right ideal of R #* G and a left R-submodule of R *G.

Let 9 denote the set of all subsets T of G such that NINR *T#0,
NINR=*T'=0 for all T'ZT and 1€ T. Then J is a finite nonempty set of
subsets of G. Indeed if y# 0 is an element of NI of minimal support size, then
T = (Supp y)x ', for any x € Supp v, clearly satisfies the above conditions.

Let T={x,=1,x;---,x,} € 7. Then, by definition of 7, Lemma 1.5 applies
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to the R-bimodule NI. In particular in the notation of that lemma there exist
nonzero ideals A, B; for i = 1,2, -, n and additive bijections f; : A — B; such
that

(rat)fe = r(af)t*”

for all r,t € R and a € A. Furthermore, since NI CN(R * G) we have A, B, C
N. It now follows immediately from Lemma 3.2 (i) that Q%' = Q. In other
words, x; € H for all i and we have shown that T CH for all such T€ 7.

For each T € 7, let Ar denote the ideal A, depending upon T, as given above
and set D = (<, Ay Since 7 is finite and Ar CN, it follows from Lemma 3.2
(i) that D # 0. We show now, by induction on m = [Supp « |, that if @ € NI then
D™'a CGNI®G. The case m =0 is of course trivial.

Now let a € NI be given with [Suppa|=m >0 and suppose the result is
known for all elements y € NI of smaller support size. Choose T CSupp a
minimal with respect to the property that NNNR*T#0. If y €T, then
Suppay ' = (Suppa)y ' D Ty, Ty ' also has this minimal property since NI is
a right ideal, and 1 € Ty™". Since it clearly suffices to show that D™*'ay ™' C
GNI®G, we can replace a by ay ' and T by Ty and hence assume that 1 € T.
Thus 1€ Suppa and TE J.

Let ¢ =tra be the identity coefficient of a and let d € D CAr. Then by
definition of A, there exists an element 8 € NI N R * T with tr 8 = d. Thus
y = da — Bc € NI and since Supp 8 CSupp a and try =0, we have [Suppy|<
m. By induction we deduce that D™y C GNI°G and hence D™da C GNI®G +
D™Bc. Now we have shown above that T CH and hence Bc EINR *H CI°
Thus, since m =1 and D CN we have D"8¢c CNI® C GNI®*G. We conclude
therefore that D™da C GNI’G and since this holds for all d € D we have
D™*'a CGNI®G. The induction step is proved.

In particular, if k =|G|, we deduce from the above that D*"'NI C GNI°G.
But observe that D**'N# 0, by Lemma 3.2 (i), since D CN and D # 0. Thus if E
is defined by

E ={r€ R|rI CGNI*G}

then E is not zero because E D D**'N# 0. On the other hand, E is certainly a
G-invariant ideal of R so we have an appropriate E# 0 with

EICcGNI*G CTI*

where the latter inclusion is of course trivial. This completes the proof.
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Now Q *H is an ideal of R * H and we let
k:R*H->(R*H)(Q+*H)=(R/Q)*H=R+*H

denote the natural homomorphism. Here R = R/Q is of course a prime ring. If
L is an ideal of R * H containing Q * H we let L~ denote its image in R * H. If
L is an ideal of R * H we let L*”" denote its complete inverse image in R * H. It
is clear that the maps * and *”' yield a one-to-one correspondence between these
two sets of ideals. Observe that if I is an ideal of R *G, then R*H D I°D
Q * H and hence I* is an ideal of R * H. On the other hand, if L is an ideal of
R *H, then L~ is an ideal of R * H and thus L*™" is an ideal of R * G.

Recall from Section 2 that an ideal L of R * H is called R-cancelable if and
only if A@ CL for @ € R xH and A a nonzero H-invariant ideal of R implies
that & € L. In the same sense we can speak of R-cancelable ideals in R * G.
Thus the ideal I of R *G is said to be R-cancelable if and only if for any
a € R *G and any nonzero G-invariant ideal A of R, Aa CI implies that
a€l

Lemma 3.5. With the above notation we have

() If Lis an ideal of R*G with INR =0, then I* NR = 0.

(i) If L is an ideal of R*H with LNR =0, then LN R =0.

(iii) If the ideal L of R * H is R-cancelable, then L*™" is an R-cancelable ideal
of RxG.

@(v) If L. L, -+ L. are R-cancelable ideals of R « H, then

ni=(ni)

Proor. Let L be an ideal of R *H containing Q *H. We show that
L*NR=0 if and only if NL "R =0. Suppose first that LN R =0. If
@« ENLNR, then k(a)EL*NR =0s0 a € RN(Q+*H)= Q. But certainly
NLNRC(N*H)NR =Nsoa € NNQ =0.Conversely let NL N R =0 and
let & € L with k(a)€ L* N R. The latter implies that there exists r € R with
k(a)=a+Q*H=r+Q*H Thus a-r€Q+*H and N(a-r)C
N(Q=+H)=0 so Ne =Nr& NLNR =0. But Nr=0 implies that r € Q so
k(a)=«k(r)=0and L*NR =0.

Note also that by Lemma 3.1 (iii) we have NGN = NHN and hence

N(GNLG)= (NHN)LG CNLG.

Now let « € R *G and write a = 27 a;%; where {1=x,,x2, -, x.} is a right
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transversal for H in G and where each o; € R * H. If E is an ideal of R with
Ea CL*, then MEa CML* CGNLG, by definition of L*, and hence

NMEa CN(GNLG)CNLG = > NL%..
1

Thus for each i we conclude that
NMEa; CNL.

(i) Suppose I N R = 0. Since NI® CI we have NI° N R =0 and hence by the
above, with L = I®, we have I* N R = 0.

(ii) Suppose L "R =0 and set L = L*™". Then we know that NL N R = 0.
Let E=L“""NR=L"NR and let « = 1 in the above so that surely Ea CL".
Since a; =1 we therefore deduce that

NME = NMEa; CNL NR =0.

But M and E are G-invariant ideals of R and N, M# 0. It therefore follows
from the G-primeness of R that E = 0.

(iii) Now let L be an R-cancelable ideal of R*H and suppose that
Ea CL*" where E is a nonzero G-invariant ideal of R and a € R * G. Write
a =37 a% as above. If L = L', then Ea CL"* implies that

NMEo; CNL CL

and hence A - k(&) CL, where A is the image of NME in R. Since Q does not
contain N, M or E, A is a nonzero H-invariant ideal of R and thus our
assumption on L implies that k (a;) € L for all i. In other words, a; € L for all i
and we have

Na C D Nag CNLG CGNLG.
Moreover, since E is G-invariant, we see that for any g € G

Ega = gEa CL*".

Thus the work of the preceding paragraph implies that Nga C GNLG for all
such g € G and it follows that

Ma =Y §7'Nga CGNLG.

By definition, « € L* = L*™",
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(iv) Suppose {L;} is a family of R-cancelable ideals of R * H and let L, = L™
Then obviously, since * is order preserving, we have (N,L))* cMN,L?. For the
reverse inclusion take a = ZlaX; € n,-L,-”. Then for each j, Re CL; and our
above discussion, with E = R, shows that

N]\’Iai C NL, C Li

for all i and j. Since the image of NM in R is a nonzero H-invariant ideal of R,
we can use the assumption on the ideals I; to deduce that «; € L, Hence for all i
we have

a,-E nL,-zL
j

and so Na CNLG CGNLG. Since a was arbitrary, we have shown that
N(MN,L;)CGNLG.But F ={r € R|r(MN,;L})C GNLG}is surely a G-invariant
ideal of R and since F D N we conclude that F D M. In other words, we have
shown that M(M,L})CGNLG and hence, by definition, we have

N LjcL’ =< N L,-)v.
j
Thus
NLi™=0NLy=L"
where L = (MN,L,) = N,L,

Note that R = R/Q is a prime ring, so we know a good deal about the prime
ideals of R * H from the work of Section 2. The following is the main result of
this section. We prove it simultaneously with Lemma 3.7.

THEOREM 3.6. Let R * G be a crossed product of the finite group G over the
ring R. Assume R is G-prime and let Q be a minimal prime of R with H the
stabilizer of Q in G. Then the maps > and * " yield a one-to-one correspondence
between the prime ideals P of R * G with P N R =0 and the prime ideals L of
R+*H =(R*H)/(Q=H) with L N R =0. More precisely:

(i) If P is a prime ideal of R * G with P N R =0, then P™ is a prime ideal of
R = H with P> N R =0. Furthermore

P —_ P:Sx-x*‘v:_ Pﬁv.
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(i) Let L be a prime ideal of R x Hwith L N R = 0. Then L*™" is a prime ideal
of R*G with L*NR =0 and

L~ = I‘:x“lv-Bx.

LEmMA 3.7. Let R * G be given with R a G-prime ring. If P is a prime ideal of
R *G with PNR =0 and if I is an ideal of R * G properly containing P, then
INR#Q.

Proor. (i) Let P be a prime ideal of R * G with PN R = 0. By Lemma 3.5 (i)
we know at least that P> N R = 0. Set L = P® and suppose that L, and L, are
ideals of R * H with L D L,L,. Then Lemmas 3.4 (ii) and 3.3 (ii) yield

PO MP> > M(L,L,y D ML!ML3= (M * G)L}(M * G)L:.

Hence since P is prime and PZ M * G, we conclude that P D L; for some i.
Thus, by Lemma 3.4 (i),

L=P*DOL*DL

and we have shown that L is a prime ideal of R * H. Therefore since L D Q *H
we conclude that L = L* = P> is a prime ideal of R * H.

We now compare P with P* =P>*™" First, Lemma 3.4 (ii) yields
P D MP* = (M * G)P*. Thus since P is prime and PZ M * G we have P D P%,
In the other direction, Lemma 3.4 (ii) also implies that there exists a nonzero
G-invariant ideal E of R with EP CP* =L~ But L is prime and L "R =0
so L is R-cancelable and we conclude from Lemma 3.5 (iii) that P* is
R-cancelable. Thus EP C P* implies that we have the reverse inclusion P C P>
so P = P% and (i) is proved.

(i) Now let L be a prime ideal of R *H with LN R =0 and set L = L*™".
Then by Lemma 3.5 (i) we have L* N R = L*™* N R = 0. Now suppose I is any
ideal of R # G with I D L* and I N R = 0. Then Lemmas 3.4 (i) and 3.5 (i) yield

I*DL™* DL =L

and I N R =0. Since R = R/Q is a prime ring, we can now apply Lemma 2.6
to the crossed product R * H to conclude that I* =L or equivalently that
I° = L. Furthermore, by Lemma 3.4 (ii), there exists a nonzero G-invariant ideal
E of R with

EICI*=L"=L""

Hence since L is R-cancelable, Lemma 3.5 (iii) implies that L* is R-cancelable
and EICL" yields ICL". Thus I = L".
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In particular since L* N R =0, we can take I = L” in the above and deduce
that
I:x“w&(___ Lv&x = ISK = L‘-.

Next suppose that I, and I are ideals of R * G properly containing L*. Then
by the above we have I; " R# 0, I, N R# 0 and the G -primeness of R yields

LLNR D (ILNR)(LNR)#0.

Thus using L* N R =0, we conclude that I,I, ZL" and therefore L” is a prime
ideal of R * G. This completes the proof of Theorem 3.6.

Finally for Lemma 3.7, let P be a prime ideal of R * G with PN R = 0 and let
I2P. Then by (i) above P = L* = L* " where L = P® and L is a prime ideal of
R *H with L N R = 0. But we have just shown, for such ideals L, that if I2L"
then I N R#0. Thus Lemma 3.7 is also proved.

It is clear that we can now combine the maps * and *~"* with the maps ¢ and “
of Theorem 2.5, applied to R = H, to obtain a one-to-one correspondence
between the prime ideals P of R * G with P N R =0 and the H-prime ideals of
a certain twisted group algebra C*[H...] where C is the extended centroid of R.
However, instead of formalizing this further, we will content ourselves with
proving the main results of this paper, namely Theorems 1.2 and 1.3.

Proor oF THEOREM 1.2. In view of the comments of Section 1, this is an
immediate consequence of Lemma 3.7.

For Theorem 1.3 we require just one more lemma, given below, which proves
that a certain ideal of R * G is nilpotent. Unfortunately the multiplication
formula of Lemma 3.3 (ii) is not sufficient to do this because of the presence of
the factor M which occurs within the product. Thus the argument given here is a
good deal less straightforward than the analogous proof in Section 2.

Lemma 3.8. If J denotes the unique maximal nilpotent ideal of R * H, as given
by Lemma 2.7, then J*** is nilpotent of degree =|H|.

Proor. Set J=J*"'. We first show that for any a« € GNJG there exists an
H-invariant ideal I of R properly containing Q such that
NINGa CNIN - MG.

Since & € GNJG we have a € 3, GNa,G, a finite sum, with o, € J. By Lemma
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2.8 (ii), applied to the nonzero ideal NM of R, there exists a nonzero
H-invariant ideal T of R such that I - k (a;) CJNM. Thus, if I denotes the inverse
image of I in R, then I is also H-invariant and we have

I, CINM + Q * H.

Let K. = GNa,G and consider (NING)K.. Since NGN = NHN, by Lemma 3.1
(iii), and since NIN is H-invariant, we have

(NING)K; = NI(NGN)a,G
= NI(NAN)a,G
= HNIN’a,G

C ANIa,G.

But Ia; CJINM + Q *H so Nla; CNJNM and therefore
(NING)K; CH(NIa,)G
C H(NJNM)G
= NINMG
where the latter occurs since the factor H can be absorbed into the ideal NJ of
R = H. Hence, since a € 2, K, we conclude finally that

NINGa C Y, (NING)K, C NJNMG.

By Lemma 2.8 (i), there exists a sequence J = J,, J,, - - - of R-cancelable ideals
in R = H such that JJ; CJ.., and J, =0 for some k =|H|. Set J, = J;™' so that
Jio=J JI;CJi,, and J. = Q*H. We show now that J"J;/CJ;,,. First let
a € GNJG and let B € J;. Then MGB = GMB C GNJG. Thus if I denotes the
ideal constructed for « in the first paragraph of the proof, then we have from the
above and Lemma 3.3 (i).

NINGap C NINMGS
CNINGNJG

CNJIG

C(JJ)-
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Now set E = 2.6 (NIN)Y. Then E is a G-invariant ideal of R which is certainly
nonzero, since NINZ Q, and the above shows that we have

EaB C(JJ)" CTt.r.

However, J.,, is R-cancelable so J},, = J5,;"is R-cancelable, by Lemma 3.5 (iii),
and hence we deduce from Eaf CJ!,, that

aB €J/..
We have therefore shown that
(GNIG)J ! C Ty
But observe that MJ* C GNJG. Thus we conclude from this that

MI*JT;C(GNIG)I i CJ?.

v

and again using the fact that Ji,; is R-cancelable we deduce that J*J{CJ/,,.
Finally suppose that (J”) CJ; for some i. Then, by what we have just shown,
we have

Y ="y CITICT,.

Thus since J =J,, it now follows by induction that (J*)' CJ} for all i. But
Jo=Q=*H so NJ, =0 and J;=0. Hence (J*)* =0 and the lemma is proved
since k =|H|.

We now offer the promised

Proor oF THEOREM 1.3.  We are given a crossed product R * G with G finite
and with R a G-prime ring. As usual let Q be a minimal prime of R, given by
Lemma 3.1 (i), and let H be the stabilizer of Q in G. By Lemma 2.7, applied to
the crossed product R * H, we see that there are finitely many primes L of R * H
with L N R =0. Indeed if these are L, L,,---, L, then n=|H|=|G| and
J=L,nL,N - - N L, is the unique largest nilpotent ideal of R * H. For each i,
set P, = L*". Then we conclude from Theorem 3.6 that P, P, -, P, are the
unique prime ideals of R * G having trivial intersection with R.

Since each I, is prime and satisfies L, "R =0, we see that each L; is
R-cancelable. Thus Lemma 3.5 (iv) yields

Plﬂpzﬂ~--ﬂP"=mi}‘_l":(ml:j> =jx—lv
i i
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and we deduce from Lemma 3.8 that P, P,N --- N P, is nilpotent of degree
=|H| and hence of degree =|G|. This of course implies that P, NP, N --- N
P, is the unique largest nilpotent ideal of R * G.

Finally let P be any prime ideal of R * G. Then P contains the nilpotent ideal
P,NP,N --- NP, and hence P D P, for some i. This shows that the minimal

primes of R *G are the minimal members of the set {P,, P,,---, P,}. But
observe that P, D P, implies by Theorem 3.6 that [, = P* D P?= [, and hence
since L, is minimal, we must have i =j. This shows that P, P, --- P, are

precisely the minimal primes of R * G and the theorem is proved.

We close this section with two corollaries. The first explains why the condition
of G-semiprimeness of R * H can be replaced by the simpler condition of
ordinary semiprimeness in [8, theorem 2.7]. The second shows by example that
the one-to-one correspondences given here actually offer much more informa-
tion than we state in the main theorems.

CoROLLARY 3.9. Let R * G be a crossed product with G finite and with R a
semiprime ring. Then R * G has a unique largest nilpotent ideal J and J'°' = 0.

Proor. Let J be the sum of all nilpotent ideals of R * G. We show below that
J'°"=0 and from this it will follow immediately that J is the unique largest
nilpotent ideal of R * G.

Observe that if P is a prime ideal of R, then (),cP* is clearly a G-prime
ideal. Hence since R is semiprime, it follows that the intersection of all G-prime
ideals of R is zero. Now let Q be a G-prime ideal of R and let

":R*xG—>R*G/Q*G=(R/Q)*G

denote the natural homomorphism. Then J is a sum of nilpotent ideals of
(R/Q)* G and R/Q is a G-prime ring. Thus we deduce from Theorem 1.3 (iii)
that J is nilpotent and in fact that J'°' = 0. In other words, J'°' C Q * G and, since
this holds for all such Q, we have

Jc N Q*G=< N Q)*G=O.
Q Q
The result follows.
CoroLLARY 3.10. Let p >0 be a prime and let R * G be given with G a finite

p-group and with R a G-prime ring of characteristic p. Then R * G has a unique
minimal prime ideal.
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Proor. In view of Theorem 1.3, P is a minimal prime ideal of R * G if and
only if P N R = 0. Suppose first that R is a prime ring. Then by Theorem 2.5, the
number of minimal primes of R * G is the same as the number of G -prime ideals
of E = C'[Gin). But observe that C is a field of characteristic p and G is a
finite p-group, so E has a unique prime ideal by {8, lemma 3.3 (i)]. Hence E has
a unique G-prime ideal and R * G has a unique minimal prime in this case.

Finally, if R is G-prime we apply Theorem 3.6 and its notation. Thus the
number of minimal primes of R * G is the same as the number of minimal
primes of (R/Q)* H. Since R/Q is a prime ring of characteristic p and H is a
finite p-group, the result follows from the prime case considered above.

§4. Chains of prime and primitive ideals

In addition to the ring extension R CR * G studied in the preceding sections,
we shall now consider another type of ring extension. Namely, suppose G is a
finite group acting as automorphisms on a ring R. Then R® ={r € R|r® =r for
all g € G} is a subring of R, the so-called fixed subring of R. We will be
concerned here with some aspects of the relationship between R and R €. More
precisely, for both types of extensions, R CR * G and R® CR, we shall show
how to pass from a chain of prime ideals in one of the rings to a chain of prime
ideals in the other ring having the same length. Here of course the length of the
chain

Pogplg"'gp,.

of distinct prime ideals P; of a ring is defined to be the number n. Special
attention will be given to the primitive ideals, that is to those ideals that are
annihilators of simple right modules.

We start with the extension R C R * G where the results we have obtained so
far can be easily applied. As we will see, little additional work is required to
distinguish the primitive ideals among the primes. Thus in the first part of this
section, R will be a ring (with 1), G will be a finite group and R * G will denote a
crossed product of G over R.

If A is an ideal of any ring S, then a minimal covering prime of A is, by
definition, a prime ideal P of S containing A such that P/A is a minimal prime
of the ring S/A. The following two lemmas describing the minimal covering
primes of certain ideals in R * G and in R, contain somewhat more detail than is
actually needed here.
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LemMa 4.1, Let A be an ideal of R and set

A'=( N A”)R*G=( N A‘)*G.
x€EG x€G
Then A’ is an ideal of R * G with A‘NR = M, ccA* Moreover
(i) If A is prime, then A’ has finitely many minimal covering primes. If these
are P, P,,- -, P, thenP, NR = MN,ecA* for all i and NP is nilpotent modulo
Al
(ii) If A is primitive, then the minimal covering primes of A’ are also primitive.
(iti) If A is maximal, then so are the minimal covering primes of A’.

Proor. Since the first assertions are obvious we proceed to verify (i), (ii) and
(ii).

(i) If A is prime, then, by the introductory remarks of Section 3, R =
R/N,ccA% isa G -prime ring. Furthermore the minimal covering primes of A’
correspond to the minimal primes of the ring (R * G)/A’'= R * G which are
described in Theorem 1.3. In particular, they are finite in number, all of them
satisfy P N R =0, and their intersection is the unique largest nilpotent ideal of
R *G. Assertion (i) follows immediately from this.

(ii) Now suppose A is primitive and let V be an irreducible right R-module
with annihilator A. Consider the induced R * G-module W = V &z R * G. As
an R-module, W can be written as a finite direct sum

W.e=P 33 ve:x

xEG

of the R -submodules V & £. The latter are of course conjugate to V and hence
they are also irreducible. In particular W, as an R-module, has a composition
series of finite length and a fortiori W has a finite composition series, say

W=W,2W,2---2W, =0

as an R * G-module. It is easy to see that the annihilator of W is precisely equal
to (MN,cc(anng VY*)*G = A"

Now let P, = anng.c (Wi-,/W,) be the annihilator of the irreducible R * G-
module W,_,/W. Then the ideals P, are primitive and certainly D A’'=
anng.c W. Moreover, the product P, - P,- - - - - P, clearly annihilates the module
W so we have P, P,-----P,CA’. It follows from this that any prime
containing A’ contains one of the ideals P. In particular the minimal covering
primes of A’ form a subset of {P,, P, ---, P.} and hence are primitive.
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(iii) Finally let A be maximal and let P be a minimal covering prime of A’.
Suppose by way of contradiction that P is properly contained in an ideal I of
R * G. Then, by Theorem 1.2, it follows that I N R2PNR = M,ccA* where
the latter equality holds by part (i). Choose a maximal ideal B of R containing
INR. Then MN,ccA*CB and hence A’ CB for some y € G. Thus the
maximality of A implies that equality must hold here so B = A’. Since INR is
a G-invariant ideal of R and I N R CB, we conclude that IN R C ﬂ,‘ecB’E =
MN.ccA* = PN R. This contradiction shows that P is in fact maximal.

The next lemma deals with the reverse process of passing from an ideal of
R *G to an ideal of R.

Lemma 4.2. Let I be an ideal of R * G. Then I N\ R is a G-invariant ideal of
R. Moreover

(i) If I is semiprime, then I N\ R is also semiprime.

(ii) If I is prime, then I N R = (), P* for some prime ideal P of R which is
unique up to G-conjugacy.

(iii) If I is primitive, then the ideal P in (ii) is also primitive.

Proor. The first assertion is clear.

(i) Let I be semiprime and let A be an ideal of R which is nilpotent modulo
I'N R. Then the G-invariant ideal B = 2,c.5A” is also nilpotent modulo I N R,
since G is finite. Observe that B * G is an ideal of R * G satisfying (B * G)' =
B'* G for all i. Thus some power of B *G is contained in (INR)*G and
hence in I. The assumption on I now implies that B*G CI and hence
A CB CINR. This proves that I N R is semiprime.

(ii) This follows by quoting earlier results. Indeed, Lemma 1.1 says that I N R
is a G-prime ideal of R and hence Lemma 3.1 (i) yields the existence of P.
Finally, the uniqueness of P, up to G-conjugacy, is immediate from Lemma 3.1
(ii).

(iii) Now suppose I is primitive and let V be an irreducible right R * G-
module with annihilator I. Then an appropriate version of Clifford’s classical
restriction theorem (see [6, lemma 1.3]) shows that the restricted module Vg
contains an irreducible submodule W and in fact can be written as

Ve =2, Wi
x€C
Let Q denote the annihilator of W so that Q is a primitive ideal in R. Then QF
is the annihilator of the R-submodule W% of Vi and hence
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INR =anngV= ) anng Wz = (N Q~

x€G x€G

The uniqueness of P now implies that P = Q’ for some y € G, so P is primitive.

We now combine these two lemmas to obtain Theorem 4.4, a result which
extends [6, theorem 1.7]. Recall from the introduction that a ring S is said to
have prime rank n if S has a chain of prime ideals of length n but no longer such
chain. If there is no bound for the lengths of chains of prime ideals in S, then of
course the prime rank of § is infinite. The primitive rank of S is defined
analogously via primitive ideals. Thus the primitive rank of § is 0 if and only if all
primitive ideals of S are maximal. For later work, it is convenient to first obtain
the following.

LEmMMA 4.3. Lete € R * G be an idempotent with tre, the identity coefficient
of e, aunitin R. If R has prime (or primitive ) rank Z n, then there exists a chain

Pogceplg"';cepn

of prime (or primitive) ideals of R * G such that ¢ & P..

Proor. By assumption there exists a chain
QEQi& - G0,

of prime (or primitive) ideals of R. Observe that, for each i, MN,ccQ C
M,c6QF ., and in fact these two ideals are distinct. Indeed, if equality occurred,
it would follow that Q; D M,csQ%., and thus Q, D Q.,20Q! for some y € G.
However, as we have already remarked in the proof of Lemma 3.1 (ii), a strict
inclusion Q2 is impossible since G is finite.

Now observe that eZ Q| = (ﬂ,eGQf;)*G since tre, being a unit, is not
contained in (), QF. Furthermore, since e is an idempotent, e cannot even be
nilpotent modulo Q. It therefore follows immediately from Lemma 4.1 (i) that
there exists a minimal covering prime P, of Q. such that eZ P,. We now
successively apply the Going Down theorem (Theorem 1.3) and find prime ideals
P, ,P,5, -, Pyof R *G such that P,,, D P, P, is a minimal covering prime of
Q;and P,NR = ,.c Q. Then we have e P, and

PGPS --GP,
where the inequalities occur since

PNR= n Qf?"‘ ﬂ OfH: +1MN R,

x€G x€G
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Thus the result follows in the prime case. Finally, if all Q; are assumed to be
primitive, then each P, is also primitive, by Lemma 4.1 (ii), and the lemma is
proved.

THEOREM 4.4. Let R * G be a crossed product of the finite group G over the
ring R. Then the prime rank of R * G is equal to the prime rank of R and the
primitive rank of R * G is equal to the primitive rank of R.

Proor. By taking e = 1in the preceding lemma, we deduce immediately that
the prime rank and the primitive rank of R are at most equal to the
corresponding ranks of R * G. For the reverse inequalities, suppose that

PoEP&"'EPn

is a chain of prime (or primitive) ideals of R * G. Then by Theorem 1.2 the
intersections P, M R are all distinct and by Lemma 4.2 (ii) we may write
PNR =M ,sQ for a suitable prime ideal Q, of R unique up to G-
conjugation. Now fix Q.. If Q.., is given, then since Qi [, ccQ%, we may
certainly choose Q; so that Q..;D Q. Thus by successively choosing
Qu-1, Q.2 - - -, Qo we obtain the chain

Qo§01§ e EQ..

where the inequalities occur since

n Q,E:PinRgPi-HnR: n O§+1-

x€G x€G
Thus we see that the prime rank of R * G is at most equal to the prime rank of R
and hence the two ranks must be equal. Finally, if each P; is assumed to'be
primitive, then each Q; is also primitive by Lemma 4.2 (iii).

We remark that the above argument actually shows that corresponding prime
(or primitive) ideals of R and of R * G have the same height.

We now turn to the pair R CR. Thus for the remainder of this section we
assume that G is a finite group acting on the ring R. Using this action, we may
then form the skew group ring RG. Here the elements of RG are of course
formal sums X,cqrX with r, € R, addition in RG is defined componentwise and
multiplication is defined distributively by means of the rule

(rZ)(n,7) = rry " xy.
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In other words, RG is just the special case of a crossed product R * G where the
factor set is identically 1 and where the automorphisms * are given by the action
of G on R. Therefore our previous results apply to RG.

For the remainder of this section we also assume that |G| € R so that RG
contains the element e = |G |'2,c6%. Observe that je =e =ey for all y € G
and consequently e is an idempotent of RG. Moreover, for r € R we have

ere = (lGl"‘ > )Z)re

xeG

r"ﬂie>
x€EG

=161

=tc(r)e

where 16 (r) = |G| 'Z.ccr” is obviously an element of R°. Therefore, for any
r€ER and x EG we have e(rx)e = er(Xe)=ere = t;(r)e € R° and hence
eRGe CR“e. On the other hand, since the elements of R obviously commute
with e, we have R% = eR“ = ¢R% CeRGe and thus

eRGe = ¢eR® = R% = R°

where the latter isomorphism R = R “e is given by r — re. In other words, R°
is related to RG in a natural way. We can then use our previous knowledge on
the extension R CRG, together with well known and classical results on
extensions of the type eRGe C RG, to derive information about the pair R® CR
quite easily. Let us first summarize what is needed about the extension
eRGe CRG or, more generally, fSf CS where f is any nonzero idempotent of
the ring S. All this is of course well known and most of it can be found in
Jacobson’s book [4]. However, for the sake of completeness, we include the easy
proof.

LemMA 4.5. Let f be a nonzero idempotent of the ring S. Then the map
¢ : P— fPf = P N fSf sets up a one-to-one correspondence between the set &, of
prime ideals of S not containing f and the set of all prime ideals of fSf. Moreover, if
P, P, and P, are in &}, then P{ C P% if and only if P, C P, and P* is primitive if and
only if P is primitive.
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Proor. Observe that if A is an ideal of fSf, then SAS is an ideal of S with
SAS N f8f = f(SAS)f = (fSHHA(fSf) = A.

Suppose that P is a prime ideal of S not containing f. We show that P* = fPf
is prime in fSf. First since f& P we have f& P° and hence P* is a proper ideal of
fSf. Now suppose that A, and A, are ideals of fSf with A,A,CfPf. Then

and we conclude from the primeness of P that SA:S CP for some i. Further-
more, for this i,
A, = f(SA:S)f CfPf

and we deduce that fPf = P* is indeed a prime ideal of fSf.

Now let P,, P, € &; and assume that P{CPZ. Then fP,f CfP.f and we have
(SfS)Py(SfS) C P,. Hence since f&€ P, we conclude from the primeness of P, that
P, CP,. Conversely, if P;CP, then obviously P{= fP.f CfP,f = P$. Thus we
have shown that P{CP$ holds if and only if P, CP,. In particular, we see
immediately that ¢ is injective.

Next we show that ¢ is onto. Thus let Q be a prime ideal of fSf and observe,
as above, that the ideal SQS of S satisfies SQS N fSf = Q. Hence, by Zorn’s
lemma, we may choose an ideal P of S which is maximal with respect to
PN fSf = Q and then it follows easily that P is prime. Furthermore, f& P so
P € ¥, Since P® = Q holds by the choice of P, we have therefore shown that ¢
is onto.

It remains to verify the assertions concerning primitive ideals. Thus let P be a
primitive ideal of S with f& P and, say, P is the annihilator of the irreducible
right S-module V. Then Vf is a right fSf-module which is nonzero, since f& P.
In fact Vf is irreducible. Indeed, if U C Vf is a nonzero fSf-submodule of V7,
then it follows from the irreducibility of V that US = V and hence Vf = USf =
U(fSf) = U. Furthermore, the annihilator of Vf in fSf is easily seen to be
P¢ = fPf. Thus, if P is primitive, then P® is primitive.

Conversely, let Q be a primitive ideal of fSf and let W be an irreducible right
fSf-module with annihilator Q. Write W = f§f/X for some maximal right ideal
X of fSf. Then X, = XS @ (1-f)S is a right ideal of S with

X, N fSf=XSNfSf=XSf=X

and thus X is contained in a maximal right ideal Y of S. Clearly, Y N fSf =X
since X is maximal and f& Y and hence, as fSf-modules, we have

V=S/YD(fSf+ Y)Y = fSf/X = W.
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Consequently, if P denotes the annihilator of the irreducible right S-module V,
then P is a primitive ideal of S such that

Pnf5f=fPfCannfs,W= Q.

In particular, f& P. To prove the reverse inclusion, observe that fSQ =
(fSHIQCXCY and (1-f)SQC(1~f)SCY. Thus SOQ=fSQ+(1-f)SQCY
and we see that SQS is a two sided ideal of S contained in Y. Thus
SQS CannsS/Y = P and hence Q CfPf = P®. This proves the equality Q = P*¢
and we have shown that if Q is a primitive ideal of fSf, then Q° " is also
primitive.

Let us note the following simple consequence of Lemma 4.5. Namely, if f is a
nonzero idempotent of S, then the prime rank and the primitive rank of fSf are
bounded above by the corresponding ranks of S. Indeed, if Q,.£Q.& - S Q. isa
chain of prime (or primitive) ideals of fSf, then by applying the map ¢ ' as given
above, we obtain a chain P,GP,S - - - EP, of prime (or primitive) ideals of S. We
now combine all these observations to obtain the

Proor oF THEOREM 1.4. For convenience let us use rank S to denote either
the prime or primitive rank of S, whichever is relevant. Now we are given a finite
group G acting on a ring R and we assume that |G | is invertible in R so that
e =|G|'2,ecX exists in the skew group ring RG. As we noted above, we may
identify R with eRGe CRG. Hence, in view of the above remarks, we
immediately deduce from Lemma 4.5 and from Theorem 4.4 that

rank R€ = rank RG =rank R.

Note that e is an idempotent of RG with tre = |G [, certainly a unit in R.
Thus if rank R = n, for some integer n, then Lemma 4.3 implies that there exists
a chain

Plgplg. . an

of prime (or primitive) ideals of RG with eZ P,. Hence, by Lemma 4.5, with
S =RG and f = e, we see that

is a chain of prime (or primitive) ideals of eRGe = R °. We deduce from this that
rank R =rank R and we have equality throughout. The theorem is proved.
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§5. Appendix: the infinite cyclic group

The goal of this final section is to obtain results analogous to Theorems 1.2 and
2.5in case G = Z isinfinite cyclic. Obviously at this point we must allow G to be
an infinite group. As we will see, the key properties of Z needed to make our
arguments work are:

(i) Z is abelian.

(ii) Any nonidentity subgroup of Z has finite index.

These properties of course characterize Z among the infinite groups. The
techniques used here are quite similar to those of Section 2. Therefore to avoid
unnecessary repetition, we will mainly concentrate on the differences and merely
sketch the proofs when similarities occur.

Let R * G be given with G arbitrary and with R a G-prime ring. We let &
denote the set of all nonzero G-invariant ideals of R. It is clear that % is closed
under sums as well as finite products and intersections. Furthermore, each ideal
in & has zero right and left annihilators in R. Using this collection of ideals, we
can now define a ring of quotients § = Qs(R) quite analogous to Qu(R).
Indeed S consists of all equivalence classes of left R-module homomorphisms
f:rA — <R but here we insist that A € . In view of the above properties of %,
it is clear that, with the natural addition and multiplication, S will be a ring
extension of R.

LEmMa 5.1. Let S = Qg (R) be as above.

(i) Ifs€Sand As =0 for some A € F, then s =0.

(i) If 51,82+, 8. €S then there exists A € F with As,, As,, -+, As, CR.

(iii) Let o be an automorphism of R such that ¥° = ¥. Then o extends to a
unique automorphism of S. In particular, each * with x € G extends to a unique
automorphism of S.

(iv) Let o be an automorphism of R and let A, B € ¥. Suppose thatf: A — B is
an additive bijection which satisfies

(rat)f = r(af)t°

forallr,t ER and a € A. Then s = f is a unit in S, conjugation by s induces the
automorphism o on R and af = as for all a € A.

Proor. Parts (i), (ii) and (iv) follow as in Lemma 2.1. Part (iii) follows as in [8,
lemma 2.1 (iv)]. One needs # = % here in order to define f” : kA — gR. Since
each ideal in % is *-invariant for all x € G, it is now clear that each
automorphism * is uniquely extendable to S.
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Using the observation of (iii) above we extend each * uniquely to an
automorphism of § which we denote by the same symbol. We now define Gi.. to
be the set of all x € G such that the automorphism * is induced by conjugation
by a unit of S. It follows easily that G... is a normal subgroup of G. Furthermore,
if C denotes the center of S, then we have

LEMMA 5.2. There exists a unique crossed product S * G extending R * G.
Moreover, if E denotes the centralizer of S in S * G, then S * Ginn = S QcE and
E = C'[Gin), some twisted group ring over the commutative ring C.

Proor. This follows as in [8, lemma 2.3]. Note that here we assume, by
definition, that E CS * Gi,..

We remark that the ring S given here and hence also the group Gi.. are
different from the analogous objects defined in Section 2. Nevertheless we see
that S enjoys properties quite similar to the ring Qy(R). The real difference
occurs when we consider the center C. It is certainly not true that C must be a
field. Indeed, if R is a G-simple ring, then R = § and C is just the center of R.
On the other hand, one can hope, as in [1, theorem 5], that C is a von Neumann
regular ring or at least a ring with similar properties. We show this in the next
lemma.

Observe that & acts on R and on S and that U, the group of units in R,
centralizes C. Thus G = ®&/U acts on C. Whenever we have a permutation
action of G on any set (2, an element w € () is said to be G-orbital if and only if
o has only finitely many distinct G-translates. In particular, we can speak of
G-orbital ideals of R and G-orbital elements of C.

LEemma 53. Let C denote the center of S = Qg (R).

(i) Cisthe centralizer of R in S and if f : kA — =R represents an element of S,
then f € C if and only if f is an R-bimodule homomorphism.

(i) If N is a G-orbital nilpotent ideal of R, then N = 0.

(iii) If D is a G-orbital ideal of R, then there exist G-orbital ideals A, B of R
such that ACD, BND=0and APBE Z

(iv) Let ¢ € C be a G-orbital element. Then there exists a G-orbital element
¢' € C such that cc'c = c.

V) If [G: Gi] <, then C is a finite direct sum of fields and these fields are
permuted transitively by G.
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ProoF. (i) Let f: rA — xR represent an element of S. If f centralizes R, then
forall r € R, since r.f and fr, are both defined on A, we must have r.f = fr, on A.
In other words, foralla€ A

(ar)f = arf = afr, = (af)r
and f is an R-bimodule homomorphism.
Now suppose f is an R-bimodule homomorphism and let g:rB— xR
represent an element of S. Then fg and gf are both defined on D = AB N BA
andforalld € D and a € A we have, since f is a bimodule homomorphism,

(ad)fg = ((af)d)g = (af)(dg)
and

(ad)gf = (a(dg))f = (af)(dg).

Thus fg and gf agree on AD € % and we conclude that f is central.

(ii) If N is a G-orbital nilpotent ideal of R, then X,csN* is a G-invariant
ideal of R which is also nilpotent since the sum is finite. But R is G -prime, so
Z,e6N*=0and N =0.

(iii) Let D be G-orbital. If D =0, take A =0 and B = R. On the other hand,
if N,ecD*#0, take A = (), ccD* and B = 0. Thus we may assume that D# 0
but that (,ccD* =0.

Observe that ,ccD* is actually a finite intersection since D is G-orbital.
Hence since D # 0 there exists a subset X CG maximal with respect to the
property that V = N ,cxD*# 0. Again, since the latter intersection is also finite,
we see that V is G-orbital with distinct conjugates V=V, V,,--- V..

Note that the maximality of X implies that V.V, CV, NV, =0 for i # j. Hence
for each i, V,N(Z,4V;) is a G-orbital ideal of square zero. We therefore
conclude from (ii) above that each such intersection is zero and thus Z{V, is a
direct sum.

Let A = Z'V, be the partial sum of those V, with V, CD andlet B=2"V, be
the sum of the remaining terms. Then clearly A@GBE F and A CD.
Moreover, again by the maximality of X, DV,CD NV, =0 for all V; not
contained in D. Hence D N B is a G-orbital ideal of square zero,so D N B =0
and this part is proved.

(iv) Let ¢ € C be represented by the R-module homomorphism f : kM — zR
with M € Z. Since f is an R-bimodule homomorphism, by (i) above, D = ker f
is a two sided ideal of R contained in M. Note that f* is defined on M since M is
G-invaraint. Hence since f* represents ¢* and ¢ is G-orbital, we conclude that
D is a G-orbital ideal of R.
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By (iii), there exist G-orbital ideals A, B; of R with A CD, BN D =0 and
A@PB,€% Notethat MDD DA so

(A@B)NM=A®B.NM)EF

and we set B = B, N M. Of course, B is also G-orbital. Since BN D =0 and
B C M, the restricted map f : xB — xR is clearly one-to-one. Furthermore, since
f is an R-bimodule homomorphism on M D B and since both f and B are
G-orbital, it follows immediately that Bf is also a G-orbital ideal of R.

We can now apply (iii) above to the ideal Bf and we conclude that there exist
G-orbital ideals V, W of R with VCBf, WNBf=0 and VP WE Z. Let
g r(VE@® W)— xR be defined by (v + w)g = vf ' where f~' denotes the well
defined back map f': Bf — B. Then certainly g is a G-orbital R-bimodule
homomorphism and since V @ W € F we see that ¢’ = § is a G -orbital element
of C. Finally let F=(VE W)(APB)EF Then FfFCVP W and since
Ff C Bf we have

FfC(V® W)NBf = V.

With this, it is now a simple matter to compute fgf on F. Indeedif a+bE FC
A @ B, with a € A, b € B, then

(a + b)fsf = (bf)gf

=NHf - f
= bf
=(a+b)f.

Thus fgf and f agree on F € ¥ and we conclude that
cc'c=fgf=f=c

(v) We note that G,., certainly acts trivially on C. Thus if [G : Gin] <, then
every element of C is G-orbital and we conclude from (iv) that C is a
commutative von Neumann regular ring. Now it is clear from Lemma 5.1 (i), (ii)
that every nonzero G-invariant ideal of S intersects R in a nonzero G-invariant
ideal. Thus S is also G -prime and this implies easily that C is G-prime. In fact,
more can be said. Suppose I is a nonzero G-invariant ideal of C. Since G acts as
a finite group on C it is clear that I contains a nonzero finitely generated
G -invariant ideal J. But C is a commutative regular ring, so J must be generated

by an idempotent. Moreover C is G-prime so the annihilator of J in C must be
zero and hence we see that J = C and I = C. In other words, we conclude that C
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is G-simple. Finally let M be a maximal ideal of C. Then the finite intersection
M,ecM?* is a proper G-invariant ideal of C which must therefore be zero. This
implies immediately that C is a finite direct sum of fields and then, since C is
G-simple, that G must permute these summands transitively.

We can now begin our work on R *G.

ProposiTiON 5.4. Let R * G be a crossed product with G abelian and with R a
G -prime ring. If Gin = (1), then R * G is a prime ring and every nonzero ideal of
R # G has nonzero intersection with R.

Proor. Let I be a nonzero ideal of R * G and let y be a nonzero element of
I of minimal support size and with 1 € Supp y. Then it is clear that T = Supp y
satisfies the hypothesis of Lemma 1.5, a result which holds equally well for
infinite groups. We apply this lemma and use its notation. But observe that since
G is abelian, T is a central subset of G and hence each of the ideals A and B;
obtained is nonzero and G-invariant. Thus the functions f; : A — B, satisfy the
hypothesis of Lemma 5.1 (iv) with o = %' and we conclude that x; € G... for all
i. But Gin=(1)so T={1} and 0ZAINR*T=INR.

Finally if I and J are nonzero ideals of R * G, then IN R and JN R are
nonzero G-invariant ideals of R so the G-primeness of R yields 0#
(INR)(JNR)CL. Thus R *#G is prime.

We now further restrict our attention to the case where G = Z = (x) is infinite
cyclic. If Zi,, = (1), then the preceding result shows that 0 is the unique prime
ideal of R * Z disjoint from R\{0} and every ideal I20 meets R nontrivially.
Thus we need only consider the possibility that Z,.,# (1) and of course this
implies that [Z : Z,..] <. We first consider the structure of E = C'[Zi..].

Observe that if [Z:Z,,]<», then by Lemma 53 (v), C=
e.CPhe;CPH---Pe,C is a finite direct sum of fields F; = ¢,C and that these
summands are permuted transitively by Z. Set e = e,, F = F; and let H be the
stabilizer of e in Z. Since Z is abelian, H of course stabilizes all the idempotents
e, Furthermore we have Z D H D Z,,, and since [Z: H]=m we know that
{1,x,---,x™ '} is a transversal for H in Z.

LemMma 5.5. Suppose that Z...# (1). Then with the above notation we have
() E=e,EPe:E®- - Pe,E and eE = eE = F[Z,,], where the latter is
the ordinary group algebra of Z,,, over F.
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(i) The maps L —>eL and J— Z7'J* yield a one-to-one correspondence
between the Z-invariant ideals L of E and the H-invariant ideals J of F[Z,,,).
Furthermore, in this way the Z-prime ideals of E correspond to the H-prime ideals
of F|Z.)-

Proor. Since Z permutes the idempotents e; transitively it follows from
Lemma 5.2 that ¢E = eE = eC'[Z:.,] = F'[Zi.)- Moreover if Z,,,=(z) and if
Z € F'[Z;,,] corresponds to z in this twisted group algebra, then F'[Z:.] =
F{%,1/%]= F[Z..). This proves (i) and part (ii) is obvious since ¢, = ¢*"' and
since any ideal L of E satisfies L = Z;e.L.

We now define the appropriate maps “ and * as follows.

DeriNnrTion. (i) If L is a Z-invariant ideal of E, then we set
L*=L(S*Z)NR=*Z

so that L“ is an ideal of R x Z.
(if) For any ideal I of R *Z we set

I‘={y EE|Ay Clforsome A € %}.

Then I is certainly a Z-invariant ideal of E.

We remark that any crossed product of Z is clearly just a skew group ring
once we make an obvious change of basis. Thus there is really no additional
generality gained in dealing with crossed products. The following is the main
result of this section.

THEOREM 5.6. Let R * Z be a crossed product of the infinite cyclic group Z over
the Z-prime ring R and let E = C'[Z;,,] be the centralizer of S = Qz(R) in
S % Ziwa. If Zisa #(1), then the maps ° and * yield a one-to-one correspondence
between the prime ideals P of R * Z with P N R = 0 and the Z-prime ideals of E.
More precisely

(i) If Pis a prime ideal of R * Z with P N R =0, then P%is a Z-prime ideal of
E and P = P*

(i) If L is a Z-prime ideal of E, then L* is a prime ideal of R * Z with
L*NR=0and L =L"

Proor. Since Z,.# (1), Lemma 5.5 and its notation applies. We now
proceed as in Section 2.
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Let L, L, and L, be Z-invariant ideals of E. Observe that eL has an
F-complement K in eE and thus L has a C-complement L'= X' K* in E.
With this, it follows as in Lemmas 2.2 and 2.3 that L* is R-cancelable and
L%+ L3¥C(L,L,)". Of course the inclusion L CL** is trivially true. Furthermore if
L# E, then eL # eE and we can assume that e € K. Thus 1 =37"¢* € L' and
we conclude that if L# E, then L*NR = 0.

Now let I be an ideal of R * Z. The crux of the argument is to show that
I CI* and this proceeds as in Lemma 2.4 (ii). We know that I* is R -cancelable.
Furthermore, when we consider the minimal subset T in that proof, we observe
that here T is a central subset of the abelian group Z. Therefore all the ideals A
and B; are necessarily Z-invariant and Lemma 5.1 (iv) applies to yield the result.

Now let P be a prime ideal of R *Z with P N R =0. Since ¥ consists of
Z-invariant ideals of R, it follows precisely as in the proof of Theorem 2.5 (i) that
P? is a Z-invariant prime ideal of E and that P = P

Finally we study the Z-prime ideals L of E and here we consider separately
the cases L# 0 and L = 0. Note that L =0 is indeed a Z-prime ideal of E by
Lemma 5.5. Suppose L# 0. Then it follows immediately from Lemma 5.5 that
E/L is an Artinian ring and hence that L is in fact a Z-maximal ideal of E. With
this observation, the proof of Theorem 2.5 (ii) goes over to show that L" is a
prime ideal of R *Z with L* N R =0, that L = L* and furthermore that if
IZ2L* then I N R#0. On the other hand, if L =0, then certainly L* =0 and
L = L“% It remains to show that 0 =L"* is a prime ideal of R * Z. This is of
course well known, but a simple argument is as follows. Suppose I,I, = 0. Then it
is easy to see that I7]3 =0 and hence I} =0 for some j. But [, CI{*=0s0 I, =0
and the result follows.

In addition, we have

LemMa 5.7. Let P be a nonzero prime ideal of R ¥ Z where R is Z-prime. If
I2P, then IN R#0.

ProoF. We may clearly assume that P N R = 0 and therefore, by Proposition
5.4, that Z;,, # (1). Now we know that P = L* with L a nonzero Z-prime ideal
of E and thus, as we showed in the course of the preceding proof, IZL“ =P
implies that TN R#0.

We can now obtain our infinite analog of Theorem 1.2. As is well known, in
this situation, ordinary incomparability does not hold.
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THEOREM 5.8. Let R * G be a crossed product where G is a group with a cyclic
subgroup of finite index. Suppose P,GP,S1 are three ideals of R * G with P, and P,
prime. Then

P.NR#INR.

Proor. If I N R is not a G-prime ideal of R, then certainly P,NR# INR.
Thus we may assume that I N R is G-prime. Now let P; be an ideal of R *G
maximal with respect to the property that P;DI and P;N R =INR. The
assumption on I N R implies immediately that P; is prime. Since P; D I2P; and
P;N R =INR, we can now assume without loss of generality that I = P;is a
prime ideal.

In view of Theorem 1.2, we may clearly also assume that G is infinite. Then it
follows easily that G has a normal infinite cyclic subgroup Z of finite index.
Observe that R * G = (R * Z)* G, where the latter is a suitable crossed product
of the finite group G = G/Z over the ring R * Z. Therefore, by Theorem 1.2, we
know at least that

PNR*xZGP,NR*ZGP;NR+*Z.

Furthermore, each of these intersections is surely a G-prime ideal of R * Z.

Now for each ¥ € G = G/Z let us choose a fixed coset representative x € G.
With this notation, since (R * Z)/(P, N R * Z) is a G-prime ring, it follows from
Lemma 3.1 (i) that there exists a prime ideal Q; of R *Z with

PNR*Z= (N O}
i€G
Observe that Qs (1 Q% and hence Q5D QF for some j € G. Thus by
relabeling, if necessary, we can assume that Q; D Q.. Furthermore, we cannot
have Q;= Q; here since this would yield

P,NR*Z=MNQ:=MNQi=P,NR*Z,

a contradiction. Thus Qs2Q: and similarly, by relabeling if necessary, we can
assume that Q,20;.

Let A=Q.NR. Then R/A is a Z-prime ring and we have
Qs/A*Z20Q,/A * Z#0 in the crossed product (R/A)*Z = (R *Z)/(A * Z).
Thus we conclude from Lemma 5.7 that (Q:/A * Z) N (R/A) # 0 or equivalently
that Q;N R2A = Q,N R. Suppose that QN R D (Q;N R)* for some £ € G.
Then by applying ** to the above inclusion, we deduce that (QsN R)™ D
(Q:NR)*™ for all k = 0. But G is finite, so £™ = 1 for some m =1, and hence
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(@sNR)™ = QsN R. We conclude from this that we have equality throughout

and in particular that Q; N R = (Q; N R)". Thus since Q;N R2Q; N R, we see

that Q;N RZ (Q;NR)* for all £ € G. But Q, N R is a Z-prime ideal of R and

each (Q; N R)* is Z-invariant. Thus we see that O, N RZ M;ee (Q;NR) .
Finally observe that

P,NR=(P,NR*Z)NR

(p e)nr

€

N (Q:NRY

€6

and similarly
P.ﬂR = ﬂ_(QlﬂR)iC()lﬂR.
eG

Thus the result of the preceding paragraph shows that P, N RZ PN R. Hence
P,NR#P;NR and the theorem is proved.

This completes our work on crossed products. We close this paper with a brief
comment on skew polynomial rings. Let R[x; o] be a skew polynomial ring with
o an automorphism of R. Then we can certainly embed this ring, in a natural
manner, in the skew group algebra R{x). Furthermore, if P is a prime ideal of
R[x; o] with x& P, then it is fairly easy to see that P = R(x)- P is a two sided
ideal of R(x) which is prime and satisfies P N R[x; o] = P. Since the work of
this section yields information on the structure of P, it now also yields
information on the structure of P. In particular, we can use this idea to obtain an
incomparability result for skew polynomial rings analogous to Theorem 5.8. We
remark however that this incomparability theorem is due to Bergman, who
oftfers a direct computational proof which is, at present, unpublished.

Added in Proof. In a recent paper on group rings of polycyclic-by-finite
groups, we have observed that the v map on the appropriate primes can be
alternately characterized as the induced ideal map. Furthermore, we have since
realized that a considerable simplification in the work of Section 3 can be
achieved by dealing directly with the latter map. Indeed, the unpleasant
computations of Lemmas 2.8, 3.5 and 3.8 can all be eliminated in this manner.
We plan to exhibit such an alternate proof in an addendum to this paper.
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